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Abstract: We prove that the real four-dimensional Euclidean noncommutative 0^- 
model is renormalisable to all orders in perturbation theory. Compared with the 
commutative case, the bare action of relevant and marginal couplings contains nec- 
essarily an additional term: an harmonic oscillator potential for the free scalar field 
action. This entails a modified dispersion relation for the free theory, which be- 
comes important at large distances (UV/IR-entanglement). The renormalisation 
proof relies on flow equations for the expansion coefficients of the effective action 
with respect to scalar fields written in the matrix base of the noncommutative M^. 
The renormalisation flow depends on the topology of ribbon graphs and on the 
asymptotic and local behaviour of the propagator governed by orthogonal Meixner 
polynomials. 



1. Introduction 



Noncommutative 0^-theory is widely believed to be not renormalisable in four di- 
mensions. To underline the belief one usually draws the non-planar one-loop two- 
point function resulting from the noncommutative (/)'*-action. The corresponding in- 
tegral is finite, but behaves ^ (Op)^'^ for small momenta p of the two-point function. 
The finiteness is important, because the p-dependence of the non-planar graph has 
no counterpart in the original (/)^-action, and thus (if divergent) cannot be absorbed 
by multiplicative renormalisation. However, if we insert the non-planar graph de- 
clared as finite as a subgraph into a bigger graph, one easily builds examples (with 
an arbitrary number of external legs) where the ~ p~^ behaviour leads to non- 
integrable integrals at small inner momenta. This is the so-called UV/IR- mixing 
problem ||^. 

The heuristic argumentation can be made exact: Using a sophisticated mathe- 
matical machinery, Chepelev and Roiban have proven a power-counting theorem 
H which relates the power-counting degree of divergence to the topology of ribbon 
graphs. The rough summary of the power-counting theorem is that noncommutative 
field theories with quadratic divergences become meaningless beyond a certain loop 
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order^. For example, in the real noncommutative ip'^-model there exist three- loop 
graphs which cannot be integrated. 

In this paper we prove that the real noncommutative (p'^-model is renormalisahle 
to all orders. At first sight, this seems to be a grave contradiction. However, we 
do not say that the famous papers are wrong. In fact, we reconfirm their 

results, it is only that we take their message serious. The message of the UV/IR- 
entanglement is that 

noncommutativity relevant at very short distances modifies the physics of the 
model at very large distances. 

At large distances we have approximately a free theory. Thus, we have to alter the 
free theory, whereas the quasi-local (^^-interaction could hopefully be left unchanged. 

But how to modify the free action? We found the distinguished modification in 
the course of a long refinement process of our method. But knowing the result, it 
can be made plausible. It was pointed out by Langmann and Szabo that the 
T^r-product interaction is invariant under a duality transformation between positions 
and momenta, 



(^(p)^7rV|det0|0(a;) , £^ := 2(0-l)^,x^ (1.1) 

where (t>{pa) = J d'^Xa e''"^-''''^" (/>(a;a). Using the definition of the ★-product given 



in (2.1) and the reality 0(a;) = 4){x) one obtains 



Y[ d'^Xa^ (j){xi)4>{x2)(l}ix3)(l){x4) V{xi,X2,X3, X^) 
1 

[ d^Pc 



4 



j4 

( n 7^) 4>iPl)kP2)kP3)kPi) V{P1,P2,P3,P4) , (1.2) 



with 



V{pi,P2,P3,P4) = ■^{2tt)^S^{pi-P2-P3+P4) cos (^^O^"" {pi,f,p2,„ + P3,f,P4.jy)^ 

V{xi,X2,X3,X4) = ^ ^^^^^^ (5'^(a;i-a:2+X3-a;4) cos (2{e^'^)^i,{x':^x^ + x'^x'()^ 



(1.3) 



Passing to quantum field theory, F(xi, X2, X3, 2:4) and V{pi,p2,P3,P4:) become the 
Feynman rules for the vertices in position space and momentum space, respectively. 
Multiplicative renormalisability of the four-point function requires that its divergent 
part has to be self-dual, too. This requires an appropriate Feynman rule for the 
propagator. Building now two-point functions with these Feynman rules, it is very 
plausible that if the two-point function is divergent in momentum space, also the 
duality-transformed two-point function will be divergent. That divergence has to be 
absorbed in a multiplicative renormalisation of the initial action. 

However, the usual free scalar field action is not invariant under that duality 
transformation and therefore cannot absorb the expected divergence in the two- 
point function. In order to cure this problem we have to extend the free scalar field 
action by a harmonic oscillator potential: 



'S'frcc — 



J rf4^(i(a^0)*(a^» + ^Z!(j^0)^(iM0) + ^0^0)(^), (1.4) 

^ There exist proposals to rosum the perturbation series, see [Q, but there is no complete proof 
that this is consistent to all orders. 
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The action Sf^ee + 'S'int according to (1.4) and (^]^) is now preserved by duality 
transformation, up to rescaling. From the previous considerations we can expect 
that also the renormalisation flow preserves that action S'tree + •S'lnt- We prove in 
this paper that this is indeed the case. Thus, the duality-covariance of the action 
Shcc + 'S'int implements precisely the UV/IR-entanglement. 

Of course, we cannot treat the quantum field theory associated with the action 

( |l.4| ) in momentum space. Fortunately, there is a matrix representation of the non- 
commutative , where the *-product becomes a simple product of infinite matrices 
and where the duality between positions and momenta is manifest. The matrix rep- 
resentation plays an important role in the proof that the noncommutative M.^ is a 
spectral triple It is also crucial for the exact solution of quantum field theories 
on noncommutative phase space 

Coincidently, the matrix base is also required for another reason. In the tradi- 
tional Feynman graph approach, the value of the integral associated to non-planar 
graphs is not unique, because one exchanges the order of integrations in integrals 
which are not absolutely convergent. To avoid this problem one should use a renor- 
malisation scheme where the various limiting processes are better controlled. The 
preferred method is the use of flow equations. The idea goes back to Wilson 
It was then used by Polchinski [|lo| to give a very efficient renormalisability proof 
for commutative 0'*-theory. Several improvements have been suggested in [ pT) . Ap- 
plying Polchinski's method to the noncommutative 0'*-model there is, however, a 
serious problem in momentum space. We have to guarantee that planar graphs only 
appear in the distinguished interaction coefficients for which we fix the boundary 
condition at the renormalisation scale A^. Non-planar graphs have phase factors 
which involve inner momenta. Polchinski's method consists in taking norms of the 
interaction coefficients, and these norms ignore possible phase factors. Thus, we 
would find that boundary conditions for non-planar graphs at Aji are required. 
Since there is an infinite number of different non-planar structures, the model is not 
renormalisable in this way. A more careful examination of the phase factors is also 
not possible, because the cut-off integrals prevent the Gaufiian integration required 
for the parametric integral representation . 

As we show in this paper, the bare action S'frco + -S'int according to ( |l.4| ) and 
( |1.2| ) corresponds to a quantum field theory which is renormalisable to all orders. 
Together with the duality argument, this is now the conclusive indication that the 
usual noncommutative 0'*-action (withj7 = 0) has to be dismissed in favour of the 
duality-covariant action of ( |l.4| ) and ( |l.2| ). 

Our proof is very technical. We do not claim that it is the most efficient one. 
However, it was for us, for the time being, the only possible way. We encountered 
several "miracles" without which the proof had failed. The first is that the propaga- 
tor is complicated but numerically accessible. We had thus convinced ourselves that 
the propagator has such an asymptotic behaviour that all non-planar graphs and 
all graphs with A'^ > 4 external legs are irrelevant according to our general power- 
counting theorem for dynamical matrix models [p^ . However, this still leaves an 
infinite number of planar two- or four-point functions which would be relevant or 
marginal according to ||l2|. In the first versions of jl^ we had, therefore, to propose 
some consistency relations in order to get a meaningful theory. 

Miraculously, all this is not necessary. We have further found numerically that 
the propagator has some universal locality properties suggesting that the infinite 
number of relevant / marginal planar two- or four-point functions can be decom- 
posed into four relevant / marginal base interactions and an irrelevant remainder. 
Of course, there must exist a reason for such a coincidence, and the reason are or- 
thogonal polynomials. In our case, it means that the kinetic matrix corresponding 
to the free action (1.4) written in the matrix base of the noncommutative is di- 
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agonalised by orthogonal Meixner polynomials ||T^^ Now, having a closed solution 
for the free theory in the preferred base of the interaction, the desired local and 
asymptotic behaviour of the propagator can be derived. 

We stress, however, that some of the corresponding estimations of Section 3.4 
are, so far, verified numerically only. There is no doubt that the estimations are 
correct, but for the purists we have to formulate our result as follows: The quantum 
field theory corresponding to the action (1.4) and (|1.2D is renormalisable to all 
orders provided that the estimations given in Section |3.4| hold. Already this weaker 
result is a considerable progress, because the elimination of the last possible doubt 
amounts to estimate a single integral. This estimation will be performed in . The 
method, further motivation and an outlook to constructive applications are already 
presented in Q. 

Finally, let us recall that the noncommutative 0^-theorvhi two dimensions is 
different. We also need the harmonic oscillator potential of (L4) in all intermediate 
steps of the renormalisation proof, but at the end it can be switched off with the 
removal of the cut-off This is in agreement with the common belief that the 
UV/IR-mixing problem can be cured in models with only logarithmic divergences. 



1.1. Strategy of the proof. As the renormalisation proof is long and technical, we 
list here the most iinportant steps and the main ideas. A flow chart of these steps 
is presented in Fig. || A more detailed introduction is given in [ p^ . 

The first step is to rewrite the (/)^-action ( |l.4| )+(1.2) in the harmonic oscillator 
base of the Moyal plane, see (2.5) and (p^). The free theory is solved by the prop- 
agator (2.7), which we compute in Appendix ^ using Meixner polynomials in an 
essential way. The propagator is represented by a finite sum which enables a fast 
numerical evaluation. Unfortunately, we can offer analytic estimations only in a few 
special cases. 

The propagator is so complicated that a direct calculation of Feynman graphs 
is not practicable. Therefore, we employ the renormalisation method based on flow 
equationsJlO: ll| which we have previously adapted to non-local (dynamical) matrix 
models ]12|. The modification K[A] of the weights of the matrix indices in the 
kinetic term is undone in the partition function by a careful adaptation of effective 
action L[ct),A], which is described by the matrix Polchinski equation (3.1). For a 
modification given by a cut-off function if [^], renormalisation of the model amounts 
to prove that the matrix Polchinski equation (3.5) admits a regular solution which 
depends on a finite number of initial data. 

In a perturbative expansion, the matrix Polchinski equation is solved by ribbon 
graphs drawn on Riemann surfaces. The existence of a regular solution follows from 
the general power-counting theorem proven in [T^ together with the numerical de- 
termination of the propagator asymptotics in Appendix However, the general 
proof involved an infinite number of initial conditions, which is physically not ac- 
ceptable. Therefore, the challenge is to prove the reduction to a finite number of 
initial data for the renormalisation flow. 

The answer is the integration procedure given in Definition |l|, Sec. 3.2, which 
entails mixed boundary conditions for certain planar two- and four-point functions. 
The idea is to introduce four types of reference graphs with vanishing external in- 
dices and to split the integration of the Polchinski equation for the distinguished 



^ In our renormalisation proof ||l4| of the two-dimensional noncommutative 0*-model we had 
originally termed these polynomials "deformed Laguerre polynomials" , which we had only con- 
structed via its recursion relation. The closed formula was not known to us. Thus, we are especially 
grateful to Stefan Schraml who provided us first with [ |l5| , from which wegot the information that 
we were using Meixner polynomials, and then with the encyclopaedia mm of orthogonal polyno- 
mials, which was the key to complete the renormalisation proof. 
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propagator (| 

derived in App. 



integration procedure 
Def. p] 



com posi te pro paga tors 
Sec. O App. p!l 



Power-counting behaviour 
of interaction coefficients, Prop 



ylo-dependence of 
interaction coefficients (4.4) 



Power-counting behaviour 

- of auxihary functions, Prop. 

- of ylo-varied functions, Prop 



initial interaction (3.3) 




Polchinski equation (3.1) 
derived in 1131 



numerical bounds 



general power-counting theorem 
for non-local matrix models 
proven in IT 



differential equations 

- for ylo-varied funcions (l4.17l) 

- for auxiliary functions ( [4.1(]| ) 



Convergence Theorem, Thm. 5 



Fig. 1. Relations betweeiLthe main steps of the proof. The central results are the power-counting 
behaviour of Proposition O and the convergence theorem (Theorem ph. Note that the numerical 
estimations for the propagator influence the entire chain of the proof. 



two- and four-point graphs into an integration of the difference to the reference 
graphs and a different integration of the reference graphs themselves. The differ- 
ence between original graph and reference graph is further reduced to differences of 



propagators, which we call "composite propagators". See Sec. 3.3 



The proof of the power-countung estimations for the interaction coefficients 



(Propositi on p| in Sec. 3^) requires the following extensions of the general case 
treated in ]12|: 

— We have to prove that graphs where the index jumps along the trajectory between 
incoming and outgoing indices are suppressed. This leaves IPI planar four-point 
functions with constant index along the trajectory and IPI planar two point 
functions with in total at most two index jumps along the trajectories as the 
only graphs which are marginal or relevant. 

— For these types of graphs we have to prove that the leading relevant/marginal 
contribution is captured by reference graphs with vanishing external indices, 
whereas the difference to the reference graphs is irrelevant. This is the discrete 
analogue of the BPHZ Taylor subtraction of the expansion coefficients to lowest- 
order in the external momenta. 
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Thus, Proposition || provides bounds for the interaction coefficients for the effec- 
tive action at a scale A G [An, Aq]. Here, An is the renormahsation scale where the 
four reference graphs are normalised, and Aq is the initial scale for the integration 
which has to be sent to oo in order to scale away possible initial conditions for the 
irrelevant functions. The estimations of Proposition ^ are actually independent of 
ylo so that the limit Aq oo can be taken. This already ensures the renormahsa- 
tion of the model. However, one would also like to know whether the interaction 
coefficients converge in the limit ylo — + oo and if so, with which rate. That analysis 
is performed in Section ^ which culminates in Theorem |^, confirming convergence 
with a rate Aq^. 



2. The duality-covariant noncommutative 0^-action in the matrix base 

The noncommutative is defined as the algebra Rg which as a vector space is 
given by the space of (complex- valued) Schwartz class functions of rapid 

decay, equipped with the multiplication rule [po| 

{akb){x) = / -— / d''ya{x+^e-k)b{x+y)e"'-y , (2.1) 



, (2^)4 J « ^ ' 2 
kr = e^^'k, , k-y = k^y^ , = -6"^ 



The entries O'^'^ in (2.1) have the dimension of an area. We place ourselves into a 



coordinate system in which 9 has the form 



6li 
-9i 
6I2 
-6I2 



(2.2) 



We use an adapted base 

b^n{x)^fm^n^{x\x^)f^2^2{x\x^), m = ™U , n = , (2.3) 

where the base fm'^,ii-{x^ , x^) G Mg is given in jlj]. This base satisfies 

{bmn*bkl){x) = Snkbmlix) , / d*xbmn = 47r^6'i6'2(5m« • (2.4) 



More information about the noncommutative can be found in |p|,po[. 

We are going to study a duality-covariant (^^-theory on Rg. This means that 
we add a harmonic oscillator potential to the standard (/i^-action, which breaks 
translation invariance but is required for renormahsation. Expanding the scalar 
field in the matrix base, cj){x) = J2m.ni£m 'Pmnbmn{x), we have 

S[<i>]= J d^x(i5^'^(9^0*9,0 + 4r22((0-i)^^a;P0)^((0-i)^^^-0)) +1^2^*0 

+ 0* 0* 0^ (x) 

= 4n'^9i92 ^ (^-Gm.n-kl4'nin4'kl + ^^4'mn(t>nk<t'kl4'lm^ , (2.5) 
m.n.k.l&i'^ 
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where according to 



- ■5-(l-'<^^)(vfciIi (5„i+i,fci(5„i+iji + VrTjirii (5„i_i.fei(5„i_iji)(5„2j,2(5„2,2 

2 

- 7p(l-J?^)(\/fc2?2 (5„2+i^fc25„2+ij2 + Vm'^n'^ (5„2_i.fc2(5„2_ij2)(5„ifci(5„i;i . (2.6) 

^2 

We need, in particular, the inverse of the kinetic matrix Gmn;ki, the propagator 
^nm-kh which solves the partition function of the free theory (A — 0) with respect to 
the preferred base of the interaction. We present the computation of the propagator 
in Appendix The result is 

min(m'- + l^,n^+fc'-) min(m2 + i2 ^ „2 ^ ^2 j 

X ^ ^ B(l+^ + i(mi+m2+fci+fc2)-i;i-«2,l+2«i+2i;2) 



X 2F1 



2n 

lj_9,,2 Atpf I I ul I ;„2\ i „.l i „,2 ^2^„^'j2 



2+^ + i(mi+m2+)!ci+fc2)+t;i+i;2 



(1+^2) 



n\/(„^ + n!^)L + M^)L + ™!^)L • (2-7) 



2 

X 

i=i V ' 2 / V" ' 2 / V" ' 2 
Here, B{a,b) is the Beta-function and 2i^i("^^|2:) the hypergeometric function. 



3. Estimation of the interaction coefficients 



3.1. The Polchinski equation. We have developed in [g2| the Wilson-Polchinski 
renormalisation programme for non-local matrix models where the ki- 

netic term (Taylor coefficient matrix of the part of the action which is bilinear in 
the fields) is neither constant nor diagonal. Introducing a cut-off in the measure 
rim n ^(pmn of the partition function Z, the resulting effect is undone by adjusting 
the effective action L[0] (and other terms which are easy to evaluate). If the cut-off 
function is a smooth function of the cut-off scale A, the adjustment of L[(j), A] is 
described by a differential equation, 



A 



dm A] 
dA 



where [F[ 



m.n.k.l 



Mr dm A] am A] 

dA \ d(j)mn 



1 



Dkl 



477^0102 



d'm,A] 



F[(f>] ~ F[0] and 



(3.1) 



n 



n ^ 



idrA^))' 



(3.2) 



Here, K{x) is a smooth monotonous cut-off fu nctio n with K{x) — 1 for x < 1 and 
K{x) = for X > 2. The differential equation (3T) is referred to as the Polchinski 
equation. 
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In |T2j we have derived a power-counting theorem for L[(j), A\ by integrating (3.1) 
perturbatively between the initial scale Aq and the renornialisation scale <^ Aq. 
The power-counting degree is given by topological data of ribbon graphs and two 
scaling exponents of the (summed and differentiated) cut-off propagator. The power- 
counting theorem in is model independent, but it relied on boundary conditions 
for the integrations which do not correspond to a physically meaningful model. 

In this paper we will show that the fo ur-d imensional duality-covariant noncom- 
mutative 0*-theory given by the action ( |2.5| ) admits an improved power-counting 
behaviour which only relies on a finite number of physical boundary conditions for 
the integration. The first step is to extract from the power-counting theorem fl^ 
the set of relevant and marginal interactions, which on the other hand is used as 
an input to derive the power-counting theorem. To say it differently: One has to be 
lucky to make the right ansatz for the initial interaction which is then reconfirmed 
by the power-counting theorem as the set of relevant and marginal interactions. We 
are going to prove that the following ansatz for the initial interaction is such a lucky 
choice: 



L[(t), Ao,Ao,p°] 



rn^ ,rn^ G 



^ O O n <i 



E 



^2 „2 ^2 ^2 ^2 

1 



1 „1 Q „1 „1 

-1 m2_l ' 



-t: P4 (f) ^1 „i 4> (t> ki (t> a ^1 ■ (3.3) 

4! rn2 n2 ^2 ^2 ^1 i2 (2 ^2 

mi,m2 „l^„2^;;l /j2 ;l ;2gf} 



For simplicity we impose a symmetry between the two components m* of matrix 
indices = ™2 G N, which could be relaxed by taking different p-coefficients 
in front of m^+n^ and V rrfn} . Accordingly, we choose the same weights in the 
noncommutativity matrix, 9i = 62 = 0- 

The differential equation ( p.l| ) is non-perturbatively defined. However, we shall 
solve it perturbatively as a formal power series in a coupling consta nt A w hich later 



on will be related to a normalisation condition at yl = Aj^, see (3.16). We thus 
consider the following expansion: 



L[(/.,yl,^,p°] 



Y^^V J2 ^^^If- E AZlu..,n^.nAAAo,P>m.n.■■■^m.n. . (3.4) 

V=l N=2 ■ TTti.Tli 



Inserting (B.4) into (3.1) we obtain 



d 



N V-1 



[A] 

Ni=2Vi = lm,n,k,leN2 " 
~ E 9'3"'";'fc(^)^mini;...;mivn]v;nm;fei["^] ' i'^-^) 



2 

m,n,k,leN2 
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with 



1 dA^ (A') 



3.2. Integration of the Polchinski equation. We are going to compute the functions 
^nuni;...;mjvmjv t>y iterativcly integrating the Polchinski equation (3.5) starting from 



boundary conditions either at or at Aq. The right choice of the integration 
direction is an art: The boundary condition influences crucially the estimation, 
which in turn justifies or discards the original choice of the boundary condition. At 
the end of numerous trial-and-error experiments with the boundary condition, one 
convinces oneself that the procedure described in Definition ^ below is — up to finite 
re-normalisations discussed later — the unique possibility'^ to renormalise the model. 

First we have to recall |^ the graphology resulting from the Polchinski equation 
( |3.5| ). The Polchinski equation is solved by ribbon graphs drawn on a Riemann sur- 
face of uniquely determined genus g and uniquely determined number B of boundary 
components (holes). The ribbons are made of double-hne propagators 



attached to vertices 



n4 



"3 A 
/■f 



mi-- 



.;fei(^) (3.7) 



Under certain conditions verified by our model, the rough power-counting behaviour 
of the ribbon graph is determined by the topology g,B of the Riemann surface and 
the number of vertices V and external legs N. However, in order to prove this 
behaviour we need some auxiliary notation: the number of external vertices 
(vertices to which at least one external leg is attached), a certain segmentation 
index l and a certain summation of graphs with appropriately varying indices. 

We recall in detail the index summation, because we need it for a refinement of 
the general proof given in ]T^ . Viewing the ribbon graph as a set of single-lines, we 
can distinguish closed and open lines. The open lines are called trajectories starting 
at an incoming index n, running through a chain of inner indices kj and ending 
at an outgoing index m. Each index belongs to N^, its components are labelled by 

superscripts, e.g. rnj = ™'{ . We define n — i[m] — \[kj\ and m — o[n] = o[kj]. There 

is a conservation of the total amount of indices, X]j=i "-j ~ '^j vectors 

in N^). An index summation is a summation over the graphs with outgoing 
indices 5* = {mi, . . . ,ms} where i[TOi], . . . ,i[TOs] are kept fixed. The number of 
these summations is restricted hy s < V + t — 1. Due to the symmetry properties 
of the propagator one could equivalently sum over Uj where o[nj] are fixed. 

A graph 7 is produced via a certain history of contractions of (in each step) cither 
two smaller subgraphs (with fewer vertices) or a self-contraction of a subgraph with 
two additional external legs. At a given order V of vertices there are finitely many 
graphs (distinguished by their topology and the permutation of external indices) 

contributing the part ^^i^ni;...;mjvmjv to a function A^mini:...;mNmN . It is therefore 
sufficient to prove estimations for each Am^ni;...:mNmN separately. 



^ We "only" prove that the method works, not its uniqueness. The reader who doubts uniqueness 
of the integration procedure is invited to attempt a different way. 
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A ribbon graph is called one-particle irreducible (IPI) if it remains connected 
when rem ovin g a single propagator. The first term on the rhs of the Polchinski 
equation ( |3.5|) leads always to one-particle reducible graphs, because it is left dis- 
connected when removing the propagator Qnm;ik in (3.5). 

According to the detailed properties a graph 7, which is possibly a generalisa- 
tion of the original ribbon graphs as explaned in Sectio n |3.3| below, we define the 
following recursive procedure (starting with the vert ex ( |3.8| ) which does not have 
any subgraphs) to integrate the Polchinski equation (3.5): 

Definition 1 We consider generalised'^ ribbon graphs 7 which result via a history of 
contractions of subgraphs which at each contraction step have already been integrated 
according to the rules given below. 

1. Let "f be a planar (B = I, g = 0) one-particle irreducible graph with N — A exter- 
nal legs, where the index along each of its trajectories is constant ( this includes 
the two external indices of a trajectory and the chain of indices at contracting in- 



ner vertices in between them). Then, the contribution A 



(V)l 



[A] 



(using the natural cyclic order of legs of a planar graph) of ^ to the effective 
action is integrated as follows: 



~A 



1 ,1 „1 [^] 



(2 M 





A 




■ '.^ 






• • 








„2 


'a V 



Ja, A' \ dA 



A 




00.00.00 00 

OO'OO'OO'OO 



T/I/ OO.OO.OO.OOK-IJI "T^OO.OO.OO.OOK-lflJ 
7/1 OO'OO'OO'OO / OO'OO'OO'OO 



(3.9) 



Here (and in the sequel), the wide hat over the A' -d erivative of an -function 
indicates that the rhs of the Polchinski e quat ion ^S.S^) has to be inserted. The two 
vertices in the third and fourth lines of \3.!^ ) are identical (both are equal to 1). 
The four-leg graph in the third line of ( \3.!\ ) indicates that the graph corresponding 
to the function in brackets right of it has to be inserted into the holes. The result 
is a graph with the same topology as the function in the secon d lin e, but different 
indices on inner tr aject ories. The graph in the fourth line of (3.f>) is identical to 



the original vertex (3.8). The different symbol shall remind us that i n th e analytic 
expression for subgraphs containing the vertex of the last line in (3.i) we have 
to insert the value in brackets right of it. 

Remark: We use here (and in all other cases discussed below) the conven- 
tion (its consistency will be shown later) that at A = Aq the contribu- 
tion to the initial four-point function is independent of the external matrix 

indices, A o^o^T . . [^0] = ^'^Ii'li ^1^1 ^1 ,i_^i[ylo]. This is not really 

OO'OO'OO'OO ^2 „2 ; „2 fc2 ; ^2 i2 ; ;2 „^2 

necessary, we could admit A^^^l^ ^1^1 ^1,1 ,1 [vlo] - ^oVT) 0.0 0.0 [^0] = 

,„2 ^2 ; ^2 fc2 ; fc2 ;2 ; ^2 ^2 00 — " 

C„l „1 „1 fcl fcl il , ;1 ml [Aq] with C^l „1 , „1 fcl , fcl ;1 , il „1 [Aq] < -jyrj 

" " " " " .72 ^2 ' fc2 ;2 , ;2 n 



-il fcl . fc-i (i . 
-i2 fc2 ; ^2 ;2 ; ;2 



OO'OO'OO'OO 

const 



This refers to graphs with composite propagators as defined in Section 3.3 
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2. Let^ be a planar (B = 1, g = 0) 1 PI graph with N = 2 external legs, where either 
the index is constant along each trajectory, or one component of the index jumps^ 

once by ±1 and, hack on one of the trajectories, whereas the index along the pos- 
sible other trajectory remains constant. Then, the contribution A^^i^^i [yl] 

of 7 to the effective action is integrated as follows: 



„2 „2 ; „2 ™2 




dA' 



, 9 AVh 

OA' ' 



TJT-O [^-1 J 
""'Of 

d 



+ {a'^A^^I , [A'] - A'^A^r^-J, „ [A']) 

\ Oil • O/l ' / 

+ iA'^,A^n'!o [A'] - A'^a[V?o [A']) 

\ OA 1 ' 1 OA ' / 

+ (a'^tjA^^^^I [A'] - A'^A^^.^l o [A']) 

V OA' oo^oo OA' 0^0 / 

+ (^'^^iV'o [A'] - ^'^^tV'o [A']) 

\ OA 1 ' 1 OA ' / 

'^(A'^^?oo[A'])+A^ro'j,,[An] 

J 71 V OA oo'oo / oo'oo 

\Jj^^ A' \ a A' OO'OO oA' OO'OO V 

+ A'-ni.[AR]-A^^}\o[AR]\ 

OO'OO OO'OO / 

yl' V oA' lo'oi OA' OO'OO / 

+ 47''oo[/lfl]-47^oo[/lfl]') 
lO'Oi OO'OO y 

\jAn A' V OA' OO'OO OA' OO'OO / 



OO'OO - - - - 



0.0 
OO'OO 



1 ■ 1 dA 



vl'^47"oo[^']) 

--•00 / 



00.00 

[Ar]-A 

0.00 [Ar] 



1 ' 1 



OO'OO 



(3.10) 



® A jump forward and backward means the following: Let ki, . . . , ka—i be the sequence of indices 
at inner vertices on the considered trajectory nrn, in correct order between 11 and m. Then, for 
either r = 1 or r = 2 we require n*" = = m'" for all i G [l,p— 1] U [g,a— 1] and fcj' = n'" ± 1 
(fixed sign) for all i 6 [p, q—1]. The cases p = 1, q = p+1 and q = a are admitted. The other index 
component is constant along the trajectory. 
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3. Let J be a planar (B ^ 1, g — Q) IPI graph having N — 2 external legs with 



external indices mini; 7712^2 



(equal sign) or mini;m2n2 



„"±i 'i'^2^2 , with a single^ jump in the index component of each trajectory. 
Under these conditions the contribution of 7 to the effective action is integrated 
as follows: 




(7/1 ' 



' \ oA' 0-0 / 

+ a''^}1 [Ar] 



(3.11) 




+ v/(m2+l)(n2+l) 



a /I/ O I- J 
OA 1 1 ' 



(3.12) 



^. Lei 7 &e any other type of graph. This includes non-planar graphs (B > \ and/or 
g > 0), graphs with N > 6 external legs, one-particle reducible graphs, four-point 
graphs with non-constant index along at least one trajectory and two-point graphs 
where the integrated absolute value of the jump along the trajectories is bigger 
than 2. Then the contribution ofj to the effective action is integrated as follows: 

^rnin'i;...;mNnN '~ ~ j ^^'^^^mim^.-imNruv [^']^ • (3.13) 

The previous integration procedure identifies the following distinguished func- 
tions Pa\A,AQ,p\ 

pi[yl,^,p°] := V A^oo.oo[A^,P°] , (3.14a) 

— nn ' 

7 as in Dcf. nlEI 

^ For an index arrangement m\n\\ra2n2 = ™^2^^ ; "2 ^2 and sequences fci, . . . , fca-i 

(ii , . . . , of indices at inner vertices on the trajectory nlmS (n2mi) this means that there 

exist labels p,q with n^+l = for all i S [l,p— 1], = kj for all i 6 [p.a— 1] and ra^ = k'^ for 
all i £ [l,a— 1] on one trajectory and m^+l = Zj for all j S [<?, 6— 1], = kj for all j S [l,?— 1] 
and = k'j for all j 6 [l.b— 1] on the other trajectory. The cases p S and q 6 {1,^} are 

admitted. 
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P2[^,vl,p"] := V (aIo.oi[A^,P°]-AL,.oo[A^,P°]) , (3.14b) 

7 as in Dcf. 

P3[4^,P°]:= V oo[A^,P°]) , (3.14c) 

7 as in Dcf. [^.^ " ° ' 



' ' ' 



This identification uses the symmetry properties of the A-functions when summed 
over all contributing graphs. It follows from Definition |l| and (3.3) that 



a — \. 



(3.15) 



As part of the renormalisation strategy encoded in Definition |l|, the coefficients 



(3.14) are kept constant at yl = A^,- We define 

Pa[^i?o^,p''] = for a = 1,2, 3, p^\Ar, Aq, = \ 



(3.16) 



The normalisation (3.16) for pi, pz identifies A^^.i^{Ar) as the cut-off propaga- 
tor related to the normalised two-point function at An- This entails a normalisation 
of the mass /xq, the oscillator frequency f2 and the amplitude of the fields (j)mn- The 
normalisati on c ondition for p4[Afi, Aq, p'^] defines the coupling constant used in the 
expansion (3.4). 



3.3. Ribbon graphs with composite propagators. It is conv enient to write the linear 
combination of the functions in braces { } in (3.9)-( ^T^ ) as a (non-unique) linear 
combination of graphs in which we find at least one of the following composite 
propagators: 



„2 „2 ; „2 ™2 



,1 „1 

i^2 „2 ; 



(3.17a) 



„2 „2,„2 ^2 



il ml 
2 " 2 ; „ 2 ™ 2 



2r)(o) 



~i 



(3.17b) 









„1 + 1 






= Q,r 


1+1 , 

TTl2 



.1 + 1. „1 



(3.17c) 



(-^) 

TTil nl 

g ™i 



(3.17d) 



To obtain the linear combination we recall how the graph 7 under consideration is 
produced via a history of contractions and integrations of subgraphs. For a history 
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-71 (a first) we have 



(y)7 



mini ■....■.•niNriN 



[A] 



E 



nia ,na,ka-,l 

X Q 



(A) A ^» "'(A„)a 



('^"^^ dAa 



{Ab)Q [Aa) 



(3.18) 



is the vertex operator and cither {Ai)A = Ai, {Ai)B 



Aq or {Ai)A = Ar, {Ai)B = Ai. The graph yl^AQQ._.QQ[yl] is obtained via the same 
procedure (including the choice of the integration direction) , except that we use the 
vertex operator Vq™°qq " " This means that all propagator indices which 

are not determined by the external indices are the same. Therefore, we can factor 
out in the difference of graphs all completely inner propagators and the integration 

operations. 

We first consider the difference in (3.9). Since 7 is one-particle irreducible with 
constant index on each trajectory, we get for a certain permutation tt ensuring the 
history of integrations 



A'^pA^''^'' 

OA 



mn:nk:kl:lm 



A' 



d 



/I'— 4^^^'^ f/l'l 

00:00;00:OOK^J 
a 

r, (ATTi) -Y[Q0k^.,k„,0{A-^,) 



a 

E 

b=l 



6-1 



n Qok^ 



l(0) 



■,k^M{A^,))Q 

a 




(3.19) 



where 7 contains a propagators with external indices and TOtt. G {m,n,k,l}. 

The parts of the analytic expression common to both ^'g^^|Xi^fc fci ir?j. I^'l ^^"^ 

A' A^q^}qq.qq.qq[A'] are symbolised by the dots. The /c^. are inner indices. We thus 
learn that the difference of graphs appearing in the braces i n (^.9 ) can be written 
as a sum of graphs each one having a composite propagator p. 17a ). Of course, the 
identity (3.19) is nothing but a generahsation of a" — 6" = y]"Z n (a— b)a'^~^~^ . 
There are similar identities for th e dif ferences appe arin g in (|3.10|)-(^T2|). We dele- 
gate their derivation to Appendix BT. In Appendix B.2 we show how the difference 
operation works for a concrete example of a two-leg graph. 



3.4. Bounds for the cut-off propagator. Differentiating the cut-off propagator (3.2) 
with respect to A and recalling that the cut-off function K{x) is constant unless 
X G [1,2], we notice that for our choice 61 = 62 = the indices are restricted as 
follows: 

dA^, „ {A) 
A = 

unless eA^<mSix{m^,m^,n\n^,k\k'^J^,l^)<29A'^. (3.20) 
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In pa rticular, the volume of the support of the differentiated cut-off propagator 
( 3.20| ) with respect to a single index 111,71, k, I e equals AO^A^, which is the 
correct normalisation of a four-dimensional model fl^ . 

We compute in Appendix |^ the yl-dependence of the maximised propa gator 
^mn-fcc which is the application of the sharp cut-off realising the condition (3.20) 
to the propagator, for selected values of C = OA^ and fi, whi ch is extremely well 
reproduced by (C^). We thus obtain for the maximum of (3.6) 



max |(3m„;fci(yl)| < -r— 2 (32max|i4:'(a;)|) max \A 



m,n,k,l 



2tt0 



< < 



Co 
Co 



'^rrL-\-k.n~\-l 



m,n,k,l 

for i7 > 
for i7 = 



c I 



(3.21) 



where Co = Cpl^maxj; |i4r'(x)|. The c onst ant Cg ~ 1 corrects the fact that ( |C.2| 
holds asymptotically only. Next, from (C^) we obtain 



f y^max|(3„„i;fe;(yl)|') < -i-(32 max |ii:'(a;)|) max max I Z\$: 

\ — ' n,k ' '/ ZTTC' X rn ^ — ' n.k ' 

I I ' 

^ Ci 



M \c=A^ 



(3.22) 



where Ci = 48C(/(77r) max^ \K'{x)\. The product of ( ^ ) by the volume 46*2/14 
of the support of the cut-off propagator with respect to a single index leads to the 
following bound: 



( max \Q„in-kii^)\ 

^ — ^ \ n,k,l 



AC, 



< 



4Co {^/eAy 



for J7 > , 



for J7 = . 



(3.23) 



According to ( A.29| ) there is the following refinement of the estimation ( 3.21 ) 



„i „i- 

™2 ; „2_ 



{A) 



< Cai,a2 ( -T-rj- 



— / TO 



(3.24) 



This property will imply that graphs with big total jump along the trajectories are 
suppressed, provided that the indices on the trajectory are "small" . However, there 
is a potential danger from the presence of completely inner vertices, where the i ndex 
summation runs over "large" indices as well. Fortunately, according to (C.4) this 
case can be controlled by the following property of the propagator: 



E 



I e w 

||m-;||i >5 



max (5„i „i fci ,1 {A) 



„2 „2 ; fc2 ,2 



)^a(l 



1\2 1 



OA^ 



fl'^OA^ 



(3.25) 



where we have defined the following norms: 



771 



El 



11 ? \m 

r=l 



m I 



max(TO"'^, TO^ 



if TO 



(3.26) 
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Moreover, we define 



mini; . . . ; mArnAT oo := rnax [\\m 

i=l,....N 



J||oo, ll'tj.llool 



Finally, we need estimations for the composite propagators ( 3.17 ) and ( [B.7| ): 



QZi „i „i ™i (^) 
2™i „i „i ™i (^) 



2 1 



<C6 



0712 J noA^ 

I II 

I llcio 
6'yl2 



These estimations follow from ( A. 31 ) and ( A. 33 ) 



(3.27) 

(3.28) 
(3.29) 

(3.30) 



3.5. The power- counting estimation. Now we are going to prove a power-counting 
theorem for the (p'^-model in the matrix base, generalising the theorem proven in 
p2| . The generalisation concerns IPI planar graphs and their subgraphs. A sub- 
graph of a planar graph has necessarily genus g = Q and an even number of legs 
on each boundary component. We distinguish one boundary component of the sub- 
graph which after a sequence of contractions will be part of the unique boundary 
component of an IPI planar graph. For a trajectory nm on the distinguished bound- 
ary component, which passes through the indices fci, . . . , /c^ when going from n to 
m = o[n], we define the total jump as 

a-l 

{^) := + (^||/c,-fce+i||i) +||fca-m||i . (3.31) 



Clearly, the jump is additive: if we connect two trajectories nm and mm' to a new 

trajectory nm' ^ then {nm') ~ {nm) + {mm'). We let T be a set of trajectories 
> 

njO[nj\ on the distinguished boundary component for which we measure the total 
jump. By definition, the end points of a trajectory in T cannot belong to 

Moreover, we consider a second set T' of t' trajectories njO[nj\ of the distin- 
guished boundary component where one of the end points mj or nj is kept fixed 
and the other end point is summed over. However, we require the summation to run 

be the corresponding summation 



> 5 only, see (3.25). We let 



over {njO[7 
operator. 

Additionally, we have to introduce a new notation in order to control 

— the behaviour for large indices and given A, 

— the behaviour for given indices and large A. 



For this purpose we let 



0^2 



denote a function of the indices 



TOi,ni, 



TOjv, nj^ and the scale A which is bounded as follows: 



< P,f 



mini; 



. ; mNTiN 



eA^ 



< 



CaM" for M > 1 
ChM'' for M < 1 



(3.32) 



M := max 



1 



2BA^ 



2eA^ 



2eA^ 
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for some constants Ca,Cb. The maximisation over the indices m[,rt[ excludes the 
smnmation indices 5'*. Fixing the indices and varying A we have 



^b+b' 



mini] 



0A^ 



<Pb 



mini] 



. ; m^nN 



6A^ 



(3.33) 



for < a' < a and h' > 0, assuming appropriate Ca,Cb- Moreover, 



^bi 



mini] 



; ruN^nM^ 



9A^ 



pa2 
^b2 



<- pa.l+a.2 
- ^bi+b2 



; mnnN 



BA^ 

mini; . . . ; mpfnpf 



9A^ 



(3.34) 



We are going to prove: 



Proposition 2 Let j be a ribbon graph having N external legs, V vertices, 
external vertices and segmentation index l, which is drawn on a genus-g Riemann 
surface with B boundary components. We require the graph 7 to be constructed via 
a history of subgraphs and an integration procedure according to Definition Then 

the contribution Amini-^.lmNnN of 7 to the expansion coefficient of the effective 
action describing a duality- covariant (j)'^ -theory on in the matrix base is bounded 
as follows: 

1. If J is as in Definition \Mr we have 



.(y,V=, 1,0,0)7 fA A 1 4 1,0,0)7 fA A 1 

^ml nl nl fcl fcljl 1 1 „ 1 [^^l ^^0 ) PO J ~ ^ . . . [^1, ^iO J PO J 

„i2 ^2 ; „2 fc2 ; ;2 ; ,2 ^2 ' ' ' 



< Pi 



4V-N 



9A^ 

<(y,y",i,o,o)7 r, - 1 

^0 0. . . k1, ^io, PoJ 



1 \ 3y-2-y= 



j2V-2 



In 



A 



OO'OO'OO'OO 



/ 1 \3V-2-\ 



P 



2V-2 



2. If 7 is as in Definition we have 



(3.35a) 
(3.35b) 



. (v,y%i, 0,0)7 r. A 1 /i(v,y%i,o,o)7r , , 1 

„i „i ™i [^'^0,PoJ - ^0 0.0 [A,Ao,po\ 

™2 j,2 ; „2 ^2 ■ 



1/ <(v.y",i,o,o)7r - . 1 .(y,y=,i,o,o)7r . , i\ 

m[A\ooi "[vl, ylo,PoJ -^0 "[A,Ao,po\) 

OO'OO OO'OO 

1/ .(y,y=,i,o,o)7r . , 1 ,(y,y=,i,o,o)7r , . ^\ 

■n [A^oi.io "[yl,ylo,PoJ -^0 ^0-PoJj 

OO'OO OO'OO 

2/ ,i(v,y°,i,o,o)7r . A 1 ,(y,v^l,o,o)7r ^ . n 

m (^U.oo "[A,Aq,Pq\ - A'oo 00 [^,^o,PoJ) 

lO'Ol OO'OO 

2/ 4(v,y=,i,o,o)7r . , 1 ,(y,v=,i,o,o)7r - . -,\ 

"-(^0 0.0 [AAo,Po\- A\ooo [^,^0,PoJj 



< {OA"^) B 



4V-N 



9A^ 



/ 1 \ 3V-1-V' 



p 



2V~l 



In- 



A 

A^. 



A"- 

^0 



(y,y=, 1,0,0)7 




OO'OO 



f 1 N sy-i-y 



32V-1 



.(y,VM,0,0)7r/, A ^ 1 4(V,yM,0,0)7r . a ^ 
^10.01 Kl, ^io, PoJ ~ ^0 0.0 Kl,^iOjPO 

OO'OO OO'OO 

1 \ 3V-1-V 



< 



p 



2V-1 



Ar 



(3.36a) 
(3.36b) 

(3.36c) 
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3. If ^ is as in Definition 



have 



^2„2;„2™2 nO'OO 



,(V,yM,0,0)7 

-'^ 1 1.00 
' 



Vi7 



1 \ W-l-V 



p 



2V-1 



In- 



P 

A 
A~f 



2V-1 



Ab. 



(3.37a) 



(3.37b) 



4- If ^ is a subgraph of an 1 PI planar graph with a selected set T of trajectories on 
one distinguished boundary component and a second set T' of summed trajectories 
on that boundary component, we have 



< 



{eA 



2\(2-f )+2(l-B)^4V_Ar 



1 \3V- 

n) 



-l + B-V^-L+s+t' 



P 



2V 



^ miii(2,i(njO[nj]))j 

A 



mini; . . . ; mj^nN 



9A^ 



In- 



Af 



(3.38) 



5. If J is a non-planar graph, we have 

y^\A^^lZ:''.fr^2nAA,Ao,Po]\ 



£ 



< 



{eA 



2^(2-f )+2(l-S-2s) 4V-N 
^0 

1 \3V--^-l + B+2g-V''-i+s 



mini; 



; mNUN 



6A^ 



P 



.2y-4 



Ar. 



(3.39) 



Proof. We prove the Proposition by induction upward in the vertex order V and for 
given V downward in the number N of external legs. 

||. We start with w ith t he proo f for no n-pla nar g raphs, noticing that due to (|3.33| ) 
the estimation s (^.35| ), ( 3.36 ), ( 3.37 ) and ( 3.3S ) can be further bounded by ( p. 391 ). 
The proof of (|3.39D reduces to the proof of the general power-counting theorem 



and 



the estimations 



given in p^ , where we have to take for (-^) 

(3.21), (3j2) and (3.23) with both their A- and /^-dependence. Independent of 
the factor ( 3.32 ), the non-planarity of the graph guarantees the irrelevance of the 
corresponding function so that the integration according to Definition ^ agrees 
with the procedure used in Q. The dependence on through ( |3.32 ) is 

preserved in its structure, because for lj > we have 

dA' C ^m+l\b . 1 C 



dA' C „ 
A' A!^ 



< 



< 



'"120^^ 

(3.40a) 



-26 A^ 



for m-l-1 < 2QA^ and 
A! A!^ ^ 



A 



m 



6A''^ 



< 



< 



— A' A!^ ^ 



1 G / m+1 
uj+2aA'^ "V26iyl2 



2eA' 



dJ^(_^ ( 

A' yl'- °' 



m+l 



m+l \b dA' C 

{uj+2a)Cb~{uj+2b)Ca 

{uj+2a){uj+2b) (^^)' 



r 



\2eA'^J 
c 



(3.40b) 
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for m+1 > 29A^. For {oj +2b)Ca > {oj+2a)Cb we can omit the last terra in 
the second hne of ( ^.40b| ), and for {uj+2b)Ca < {Lu+2a)Cb we estimate it by 
(uj+2a)Cb-(^+2b)Ca |-jj^gg ^jj^g gj.g-(- f^QYin^ Taking a polynomial in In ^ 

count, the spirit of (|3.40| ) is unchanged according to ^ 



into ac- 



The gener al power-counting theorem in |l^ uses analogues of the bounds ( 3.21 ) 
and (3.22) of the propagator, which do not add factors Since two legs of 
the subgraph( s) are contracted, the total a-degree of (3.32) becomes — N —2, 
which due to ( |3.33 ) can be regarded as degree AV — N, too. 

[ The proof of ( 3.38D is essentially a repetition of the proof of ( |3.3£ ) , with particular 
care when contracting trajectories on the distinguished boundary component. 
The verification of the exponents of (OA^), and In ^ in ( 3.3^ ) is identical to 
the proof of ( [3.39| ). It remains to verify the a, 6-degrees of the factor ( [3.32| ). 
We first consider the contraction of two smaller graphs 71 (left subgraph) and 
72 (right subgraph) to the total graph 7. 

(a) We first assume additionally that all indices of the contracting propagator are 



determined (this is the case for V1+V2 = and li- 



-t2 



l), e.g 



Y , 

nr. A 



cri 



(3.41) 

As a subgraph of an IPI planar graph, at most one side ml or rriili {mki 
or mik) of the contracting propagator Qm^n ah {Qrmm-Mk) can belong to 
a trajectory in T. In the left graph of ( [3.41 ) let us assume that the side 

ml connects two trajectories i[m]m € Ti and Zo[/] G T2 to a new trajectory 

t[m]o[/] € T. The proof for the small-/l degree a = AV — N in (3.38) is im- 
mediate, because the contraction reduces the number of external legs by 2 
and we ar e free to estimate the contracting propagator by its global max- 
imisation ( 3.21 ). Concerning the large- /I degree &, there is nothing to prove 

if already {\ \m]m ) + {lo[l]) > 4. For (i[m]m) -I- {lo[l]) < 4 we use the refined 
estimation (3.24) for the contracting propagator, which gives a relative fac- 
tor M^<'"> compared with ( |3.2l| ), where M = max (^^f^, ||^)- Now, the 

result follows from (|3.31 ). Because of (i[m]m) -f {lo[l]) < 4, the indices m'", F 
from the propagator can be estimated by i[mY and [/]''. If the resulting jump 

leads to ^(i[m]o[/]) > 2, we use ( 3.33 ) to reduce it to 2. In this way we can 
guarantee that the 6-degree does not exceed the a-degree. Alternatively, if 
(Im) > 5 w e can avoid a hug e (i[m ]o[^]) by estimating the contracting prop- 
agator via ( |3.25 ) instead of^ (3.24), because a single propagator \Qmmi:iii \ is 
clearly smaller than the entire sum over — Z|| 1 > 5. 

e T', then the sum over o[ 



If i[m]o 
the combined sum 



with (i[m]o[Z]) > 5 can be estimated by 



over finitely ma ny co mbinations of to, I with max((i[TO]TO), (ml), {lo[l])) < 
4, which via ( 3.24 ) and the induction hypotheses relative to Ti,T2 



^ In this case there is an additional factor ^ in (3.22) compared with (3.21). It is plausible 
that this is due to the summation, which we do not need here. However, wo do not prove a 
corresponding formu]|a_i4iJthout summation. In order to be on a safe side, one could replace J7 in 
the final estimation ( 4.55 ) by 17^. Since 17 is finite anyway, there is no change of the final result. 
Wc therefore ignore the discrepancy in i . 
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contributes a factor M<'[™1''W> to the rhs of (|3.38|) , where M 



oW + l \[mY + l r + 1 m'' + l 



from i(i[m]o[ 



to 2. 



We use ( [3.35 ) to reduce the ^-degree 



over m via the induction hy pothe sis relative to i[m]m e T{, combined 
with the usual maximisation (3.21) of the contracting propagator and an 

estimation of 72 where lo[l] ^ T2, 

over I for fixed m « iim], via ( 3.25| ), taking i[?7i]?7i ^ Ti,T[ and Zo[Z] ^ 
over o[i] for fixed m and ^, with i[m] m via the induction hypothesis 



relative to Zo[^] € T2, the bound (3.21) of the propagator and i[m]m ^ 

Ti,r{. 

A summation over t[m] with given o[Z] is analogous. 

In c onclu sion, we have proven that the integrand for the graph 7 is bounded 
by (3.3S). Since we are deali ng w ith a. N > 6-point function, the tot al A - 
exponent is negative. Using ( |3.4C ) we thus obtain the same bound ( 3.38| ) 



after integrati on fro m Ap do wn to A. If mi^i e T or mi^i S T' we get ( 3.38 
directly from (|3.24|) or (|3.25|) . 



The discussion of the right graph in (3.41) is similar, showing that the inte- 
grand is bounded by ( |3.38 ). As long as t he integrand is irrelevant (i.e. the 
total yl-exponent is negative), we get (3.38) after yl-integration, too. However, 



7 might have two legs only with {i{m)m) + {lo{l)) < 2. In this case the inte- 
grand is marginal or relevant, but according to Definition |l|.^ we nonetheless 
integrate from Aq down to A. We have to take into account that the cut-off 
propagator at the scale A vanishes for A"^ > \\mim;kik\\oo/d. Assuming two 
relevant two- leg subgraphs 71 , 72 bounded by 0A'^ times a polynomial in In ^ 
each, we have 



dA' . 

^\Q„,,„,;kAA')A^HA')A'^-{A')\ 



/-\/||mim;feifc||oo/fl j ai 



In- 



C 

< -^\\mim; kik\\ooP 



2V-2 



In 



mim; kik 



20A^ 



P 



2V-2 



A 



\mim; kik\\ 



(3.42) 



Here, I have inserted the estimation (3.21) for the propagator, restricted to 
its support. In the logarithm we expanded In 



= In. 



In and 



estimated 



< c 



eAj^ V eA 
Thus, the small- yl degree a of the total graph 



is increased by 2 over the sum of th e small- yl degrees of the subgraphs (taken 
— here), in agreement with (3.38). T he est imation f or th e logarithm is not 
necessary for the large-yl degree b in (I^H). Using (mi) we could reduce 
that degree to & = 0. We would like to underline that the integration of 
IPR graphs is one of the sou rces f or the factor (3.32) in the power-counting 
theorem. Taking the factors (3.32) in the bounds for t he su bgraphs ji into 
account, the formula modifies accordingly. We confirm ( 3.38 ) in any case. 
It is clear that all other possibilities with determined propagator indices as 
discussed in p3| are treated similarly. 
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(b) Next, let one index of the contracting propagator be an undetermined sum- 
mation index, e.g. 



7ir 



(3.43) 



Let i[fc]o[n] € T. Then k is determined by the external indices of 72. There is 
nothing to prove for i^\[k]k) > 4. For (i[fc]A:) < 4 we partitionate the sum over 



n into (nfc) < 4, where each term yields the integrand (3.38) as before in the 



case of determine d ind ices ( t3.41[), and the sum over (nfc) > 5, which yields the 
desired factor in ( 3.3§|) via (|3.25|) and the similarity A: « of indices. As a 



subgraph of a planar graph, m 7^ o[n] in 71, so that a possible fci -summation 

> , . 

can be transferred to m. If i[fc]o[n] G T' then in the same way as for (3.41) 



the summation splits into the four possibilities related to the pieces no[n], 
kn and i[k]k, which yield the integrand (3.38) via the induction hypot heses 



for t he su bgraphs and via ( 3.24 ) or ( 3.25 ). The yl-integration yields ( 3.38 ) 
via (3.40) if the inte grand is irrelevant, whereas we have to perform similar 



considerations as in (3.42) if the integrand is relevant or marginal, 
(c) The discussion of graphs with two summation indices on the contracting prop- 
agator, such as in 




(3.44) 



is similar. Note that the planarity requirement implies m o[n\ and I ^ i[k]. 
(d) Next, we look at self-contractions of the same vertex of a graph. Among the 
examples discussed in there are only two possibilities which can appear 
in subgraphs of planar graphs: 



(3.45) 





There is nothing to prove for the left graph in ( ^.45 ). To verify the large- yl 
degree b relative to the right graph, we partitionate the sum over n into 

> > r- 1 

— < 4 and (no[rt]) < 4, where each term yields ( p. 38 ) via the in- 



duction hypothesis for the trajectories i[n\n € Ti and no[n] G Ti of the 
subgraph (in the same way as for the examples with determined propa- 
gator indices), 

(i[n]n) < 4 and (no[n]) > 5, for which the induction hypothesis for \[n]n ^ 
> 

Ti, T[ and no\n] £ T| , together with w n, gives a contribution of 2 to 



the 6-degree in (3.32), and 
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— ^ 5, which via the induction hypothesis for i[n]n G T{ and no[n] 

Ti, r{ gives a contribution of 2 to the 6-degree in ( 3.32 ). 

The case i[n]o[ n] £ T' is similar to discuss. At the end we always arrive at 



(e) 



the int egran d ( 3.3^ ). If it is irrelevant the integration from Aq down to A 
yields ( 3.38 ) according to ( 3.40| ). If the integrand is marginal/relevant and 
7 is one-particle reducible, then the indices of the propagator contracting 
IPI subgraphs are of the same order as the incoming and outgoing indices 
of the trajectories through the propagat or (o therwise the I PI subgraphs are 
irrelevant). Now a procedure similar to ( 3.42| ) yields ( 3.38 ) after integration 
from Aq down to A, too. If 7 is IPI and marginal or relevant, it is actually of 
the type |l|-^ of Definition |l| and will be discussed below. 
Finally, there will be self-contractions of different vertices of a subgraph, such 



as m 




(3.46) 



The vertices to contract have to be situated on the same (distinguished) 
boundary component, because the contraction of different boundary compo- 
nents increases the genus and for contractions of other boundary components 
the proof is immediate. Only the large- yl degree b is questionable. 

Let i[m]o[^] G T, with \[m] ^ o[l] due to planarity. Here, m is regarded as 
a summation index. As before we split that sum over m into a piece with 



(i[m]m) < 4, which yields the 6-degree of the integrand ( 3.38 ) term by term 



via the induction hypothesis relative to ([toJto, Zo[^] G Ti and (3.24) for the 

contracting propagator, and a piece with (i[m]m) > 5, which gives ( 3.38| ) 

via the induction hypothesis relative to ([toJto e T[ and la[l] ^ Ti,T[. If 

i[m]o[^] e T' the sum over o[^] with i[m]o[/] > 5 is estimated by a finite 

number of combinati ons o f m,l with max((i[r7i]r7i), (mZ), (Zo[Z])) < 4, which 
yields the integrand ( [3.3^ ) via the induction hypothesis for Ti and (3.24), 
and t he sux n over incjlex com bina tions 

— {i[m]m) < 4, (ml) < 4, {lo[l]) > 5 

— (i[m]m) < 4, {ml) > 5 

> 

— (\\m\m) > 5 



which is controlled by the induction hypothesis relative to T{ or (3.25), to- 
gether with the similarity of trajectory indices at those parts where the jumps 
is bounded by 4. The case where \[k]mi e T or i[fc]mi e T' is easier to treat. 
We thus arrive in any case at the estimation (3.38) for the integrand of 7, 
which leads to the same estimation ( 3.38[) for 7 itself according to the consid- 
erations at the end of Q.d. If 7 is of type of Definition we will treat it 
below. 

The discussion of all other possible self-contractions as listed in is similar. 
This finishes the part ^ of the proof of Proposition ^. 

Now we consider IPI planar 4-leg graphs 7 wi th con stant index on each trajec- 
tory. If the external indices are zero, we get ( 3.351 ) directly from the general 
power-counting theorem , because the integration direction used there agrees 
with Definition |l|.^ 
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For n on-zero external indices we decompose the differ ence ( 3.35a| ) a ccord ing to 
(3.19) into graphs with composite propagators (3.17a) bounded by (3.28). The 
composite propagators appear on one of the trajectories of 7, and as such aheady 
on the trajectory of a sequence of subgraphs of 7, starting with some minimal 
subgraph 79. The composite propagator is the contracting propagator for 79. 
Now, the integrand of the minimal subgraph 70 with composite propagator is 
bounded by a factor C5 times the integrand of the would-be graph 70 with 
ordinary propagator, where m is the index at the trajectory under consideration. 
If 7o is irrelevant, the factor CgJj^ of the integrand survives according to (3.40) 
to the subgraph 70 itself. Otherwise, if 70 is relevant or margin al, i t isdecom- 
posed according to |l|-^ of Definition ^ Here, the last lines of (3.9)~(3.12) are 
independent of the external index m s o th at in t he difference relative to the 
composite propagator t hese la st lin es of ( |3.9| )-(3.12) cancel identically. There re- 
mains the first part of (|3.9| )-( ^^ ), whic h is i ntegrated from Aq downward and 
which is irrelevant by induction. Thus, ( ^.40| ) applies in this case, too, saving 

the factor Cg-^j^ to 70 in any case. This factor thus appears in the integrand of 
the subgraph of 7 next larger than 79. By iteration of the procedure we obtain 
the additional factor Cg in the integrand of the total graph 7 with compos- 
ite propagators, the yl-degree of which being thus reduced by 2 compared with 
the original graph 7. Since 7 its elf is a marginal graph according to the general 
power-counting behaviour ( |3.39 ), the graph with composite propagator is irrel- 
evant and accor ding to Definition ^||^ to be integrated from Aq down to A. This 
explains ( 3.35a ). 



Similarly, we conclude from the proof of ( 3.38| ) that the integrands of graphs 7 
accord ing to Definition |^.^ are marginal. In particular, we immediate ly con firm 
(|3.37b ). Fo r no n-zero external indices we decompose the differ ence (|3.37a ) ac- 
cor ding t o (B.l) into graphs either with co mpos ite propa gators ( [3.17a ) bounded 
by (3.2S) or with composite propagators ( [3.17c )/( [3.17d ) bounde 3~Ey (|3.30|). In 
such a graph there are — apart from usua l prop agators with bound ( |3.21 )/( |3.22| ) — 
two pro paga tors with -I- = 1 in (p.24|) and a co mpos ite propagator with 



bound ( |3.2S| ), or one propagator with a 



= 1 in ( 3.24 ) and one composite 



propagator with bound (3.30). In both cases we get a total factor 



compared with a general planar two-point graph ( 3.3£ ) . The detailed discussion 
of the subgraphs is similar as under |^. 

Finally, we have to discuss graphs 7 according to Definition |l|||. We first consider 
the case that 7 has constant index on each trajectory. It is then clear from the 
proof of ( 3.39 ) that (in partic ular) at vanishing indi ces the graph 7 is relevant, 
which is expressed by ( 3.36b| ). Next, the difference ( [3.36c ) of graphs ca n as i n 
( 3.19| ) be written as a sum of g raph s with one composite propagator (3.17a), 
the bound of which is given by ( 3.28 ). After the treatment of subgraphs as de- 
scribed under ^, the integrand of each term in the linear combination is marginal. 
According to Definition |||^ we have to integrate these terms from Aj^ up to A 
whi ch a grees with the procedure in and leads to ( |3.36c ). Fin ally, ac cording 
to (R3) and (B^), the linear combination constituting the Ih s of ( ?.36a ) results 
in a linear combination of graphs with cither one propagator (3.171 ) with bound 
(3.29), or with two propa gators (3.17a) with bound ( [3.28 ). A similar discussion 
as under |l| then leads to ( [}.36a ) . 

The second case is when one ind ex co mponent jumps once on a trajectory and 
back. According to the proof of ( 3.35 ) the integrand of 7 at vanishing external 
indices is marginal. We regard it nevertheless as relevant using the inequality 
1 < {9A'^)(9Aj^)~^ , where {9A'jj)~^ is some number kept constant in our renor- 
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malisation proced ure. W e now obtain ( 3.36b| ). Similarly, the integrand relative 
to the difference (3.36c) would be irrelevant, but is considered as mar ginal via 
the same tric k. Fi nally, the lin ear combination constituting the Ihs of (3.36a) is 
according to ( |B.3| ) and (|B.6| )-(B.9) a linear combination of graphs having either 
two pro paga tors with + = 1 in (3.24) and a co mpos ite propagator with 
bound (|3.28|), or one propagator with a + = 1 in (3.24) and one composite 



propagator ( 3.17c )/( 3.17d ) with bound ( 3.3C ). The discussion as before would 

which 

according to ( 3.33 ). 



lead to an increased large- vl degrees P^^ instead of P*^ ^ 
can be reduced to Pr 



AV- 



This finishes the proof of Proposition 



□ 



It is now important to realise that the estimations ( 3.35 )-( 3.39 ) of Proposi- 
tion0 do no t make any reference to the initial scale tIq. Therefore, the estimations 
(3.35)-(3.39), which give finite bounds for the interaction coefficients with finite 
external indices, also hold in the limit Aq — s- oo. This is the renormalisation of the 
duality-covariant noncommutative </)^-model. 

In numerical computations the limit vIq -^^ cxd is difficult to realise. Taking instead 
a large but finite /Iq, it is then important to estimate the error and the rate of 
convergence as Aq approaches oo. This type of estimations is the subject of the 
next section. 

We finish this section with a remark on the freedom of normalisation conditions. 
One of the most important steps in the proof is the integration procedure for the 
Polchinski equation given in Definition |l|. For presentational reasons we have chosen 
the smallest possible set of graphs t o be integrated from A^, upward. This can easily 
be generalised. We could admit in ( |3.9[ ) any planar IPI four-point graphs for which 
the incoming index of each trajectory is equal to the outgoing index on that trajec- 
tory, but with arbitrary jump along the trajectory. There is no change of the estima- 

0,0)7 



tion ( 3.35a ), because (according to Proposition ||.^) A!-^J^^ 



,1 m 



is already irrelevant for these graphs, so is the difference in braces in 
over, integrating such an irrelevant graph according to the last line of (p. 9 
upward we obtain a bound (yi^ g) P^^~^[ln which agrees with ( |3.35 

ylp ^ is f ini te. Si milarly, we can relax the conditions on the jump along the t rajectory 



More- 
from Aj{ 
because 



in (|3T^)-(|1|). We would then define the Pa[^, ^0, P°]-functions in ( |3.14D for that 
enlarged set of graphs 7. 

In a second generalisation we could admit one-particle reducible graphs in 
of Definition and even non-planar graphs with the same condition on the external 
indices as in of Definition |l|. Since there is no difference in the power-counting 
behaviour between non-planar graphs and planar graphs with large jump, the dis- 
cussion is as before. However, the convergence theorem developed in the next section 
cannot be adapted in an easy way to normalisation conditions involving non-planar 
graphs. 

In summary, the proposed generalisations constitute different normalisation con- 
ditions of the same duality-covariant </)^-model. Passing from one normalisation to 
another one is a finite re-normalisation. The invariant characterisation of our model 
is its definition via four independent normalisation conditions for the p-functions so 
that at large scales the effective action approaches (3.3). 



4. The convergence theorem 

In this section we prove the convergence of the coefficients of the effective action in 
the limit ylo — s- 00, relative to the integration procedure given in Definition |l This 
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is a stronger result than the power-counting estimation of Proposition ^ which e.g. 
would be compatible with bounded oscillations. Additionally, we identify the rate 
of convergence of the interaction coefficients. 



4-1. The Aq- dependence of the effective action. We have to control the ylo- 
dependence which enters the effective action via the integration procedure of Def- 
inition There is an explicit dependence via the integration dom ain of irrelevant 
graphs and an implicit dependence through the normalisation ( 3.16 ), which requires 
a carefully adapted ylo-dependence of p^. For fixed A = An but variable Aq we con- 
sider the identity 

L[</>,vlfi,yl^,pOK]]-L[0,yl«,.l^',pOK']] ^ (ylo^i[</.,ylfl,ylo,p°[^]]) 



« dA^ ( 9L[(/),ylfl,,ylo,p"] 



a=l 



dpi aL[0,.lfl,ylo,p"] 



dAQ 



dpi 



(4.1) 



The model is defined by fixing the boundary condition for pb at Aj^, i.e. by keeping 
Pb[Afi, Aq, p^] = constant: 

= dpb[An,Ao,p^] ^ M^l^l^dAo + ± ^^^^^^^^^^ • (4.2) 



9^0 



a=l 



dpi 



dAo 



Assuming that we can invert the matrix ^P'>1^^^^0:P ] ^ .^^j^j^h is possible in pertur- 
bation theory, we get 

df. 
dAo 



dpi dpb[AR,Ao,p'] 



6=1 



dpb[AR, Ao, p'^] 



dAo 



(4.3) 



Inserting (4^) into (4T) we obtain 



L[</>, An, A'o, pOK]] - L[<^, An, A^ 



r''^R[^,An,Ao,p'[Ao]], (4.4) 

J A'' 



with 



_ ^ dmA,Ao,p'] 



dpi 



a,h=l 



dpi 



dpb[A,Ao,pO_ 



■A 



dpb[A,Ao,p''] 



0" 



dAo 



(4.5) 



Following [|10| we differentiate (4.5) with respect to A: 

4 



^ 9l - '^"dAo\'^dA) ~ /^^ M ^ dl) WbdAo 



^ """""" " " yl ^ „ V — ^/l — T/l' 

^ dpi dpb dpi OA J dpd ° dAo dpi dpb " dAo \ 'dA J 



(4.6) 
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We have omitted the dependencies for simpHcity and made use of the fact that the 



derivatives with respect to A, Aq p" commute. Using (|3.1[), with 9i 



9, we 



compute the terms on the rhs of (4.6): 



A J_(^9L[cj,,A,Ao,p°] 



dA 



I dA^„^.^i^{A) ( dL[cj>,A,Ao,p'>] d 



OA 



1 



[Ao-^^mA,Ao,p'^-_ 



(^Ao-^L[q^,A,Ao,p°] 



{2Tre)^ I dc/jmndfjjki^ dAo 



M 



L,Ao 



dL 
dAa 



Similarly, we have 



d ^^dL[<t>,A,A^,p^] 



dpi 



dA 



M 



L. 



dL 
M 



(4.7) 



(4.8) 



For (4.6) we also need the function ylog^(vl^^), which is obtained from (4.7) by 
first expanding L on the Ihs accord ing t o ( |3.4D and by further choosing the indices 
at the A-coefficients according to ( 3.14| ). Applying these operations to the rhs of 
(4.7), we obtain for U t-^ ^0'§j^ or U ^ the expansions 



M[L, C/]=^ ^ ■^Mmini-...-mNnM[L,U]<j)mini ■ ■ ■ ' 



N=2 mi,niGN2 

and the projections 
Mi[L,U] 



M2[L,U] 
Mz[M, U] 
M4L,U] 



7 as in Dcf. 

7 as in Dcf. 

7 as in Dcf. 

7 as in Dcf. 



M2o oo[L,U] , 

j ' 

(M7o oi[£,t/]-M?o oo[L,U]) , 

j OO'OO OO'OO 

{~M7,,oo[L,U]) , 

j OO'OO 

-^■'^0 [-^7 U] . 
1 OO'OO'OO'OO 



(4.9) 

(4.10a) 
(4.10b) 
(4.10c) 
(4.10d) 



Since the graphs 7 in ( 4.10D are one-particle irreducible, only the third line of (4.7) 
can contribute* to Ma- Using (4/7), (18) and f 4.10 ) as well as the linearity of 
M[L, U] in the second argument we can rewrite ( ^4.6]) as 



A^ = M[L, i?] - V |^M,[L, R] , 



dA 



where the function 



dL 'dL[A,Ao,p° 
- — [A,Aq,p j •- > - 
dpa fr[ 



dp', 



dpi dpa[A,Ao,p^] 



(4.11) 



(4.12) 



* If one-particle reducible graphs are incli iHeH in the normalisation conditions as discussed at 
the end of Section H, also the second line of (4.7) must be taken into account. 
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scales according to 
A 



d /dL 
dAVdia^ 



) = M 






k— ] 




L Opai 


■ ' dpa- 



(4.13) 



as a similar calculation shows. 



Next, we also expand ([1.5|) and (4.12) as power series in the coupling constant: 



Opa 

oo 2V+i 

R[^,A,Ao,p'>] 

oo 2V+2 



(27r6 



Nl 



E Ki2,.,mr.nJA,Ao,p"]cj^^,n, 



(27r6i)- 



(4.14) 



(4.15) 



The differential equations (4.13) and (4.11) can now with (4.9) and ( 4.10| ) be written 
as 

A-^H^Y^\._^^„JA,Ao,p"] 

^ N V 

~ I E E E '^"™;''=(^)^"M^U;•••;mNl-lnNl-l;nln[^]-^mNlnJVl:...;mNnN:fc^[^] 
Ni=2 Vi = l m,n,k,l 

^ J - l) permutations } - E ^Q«™;'fe(^)^minl;...;m„„„;™„;fcJ^] 

m,n,k,l 

5^ ^"iini;..^.;mivniv [^] I ~o 5^ Q'nm\lk{-^)H } q 
7 — ' I Z ^ — ' ' 

/i — m,n,k,l 



■.mn-.kl 



[A] 



V 



/ J m\n\-....\m]sinN 1- -I 



[Dof. II 



Vi=0 
V 



m.n,k,l 



[Dcf. 



E/ o E/ '9"™;'fe(^)^o 0.0 0.0 0.0 f _ 

I Z • ' ' I rp,„f -, 

Vi = l ^ m,n,k,l ^ pet. |1| 



m 

(4.16) 



E/ E/ E/ '^"™;''=(^)^ml^U;•••;mNl-lnNl-l;m^^[^]-^mJVlnNl;•••;mNnN;fc^[^] 
Vi=2 Vi = l m,n,k,l 

-^J -l) permutations }- E ^<3'"»;'fc(^)^mili;...;m«n^;mn;fc;[^] 



N V-1 



28 



Harald Grosse, Raimar Wulkenhaar 



Vi— 1 m^n,k,l 
V 

/ J m\n\-....;m]sin]si V \ 



[Dcf. l| 



Vi = l 



rn.n.k.l \uci. 



Vi — 1 m,7i,k,l 

^mi^i:..^.;mivniv [^] 1 ^ o 5^ Qnm;/fc (^)-R o o o . o . . , [^] f 

' ■ ' I Z ' OO'OO'OO-OO ■'"''hf^i' J 

Vi— 1 ^ m,n,k,l 



[Dcf. [j§ 
(4.17) 



We have used several times symmetry properties of the ex pansi on coefScients and 
of the propagator and the fact that to the IPI projections ( 4.10| ) only the last line 
of ( |4.6| ) can contribute. By {. . . jpcf. fl?.] we understand the restriction to ff-graphs 
and i?-graphs, respectively, which satisfy the index criteria on the trajectories as 
given in Definition |l|. The i?-graphs will be constructed later in Section 4.2. The 
i?-graphs are in their structure identical to the previous ly c onsidered graphs for the 



yl-functions, but have a different meaning. See Section 4.4 



4-2. Initial data and graphs fo r the auxiliary functions. Nex t, we derive the bounds 
for the 7J- functions. Inserting (|3.3|) into the definition ( 4.12| ) we obtain immediately 
the initial condition at A = Aq: 



H^^J^:...;mi^nt^[^0,Ao,p°] - SN2S'^°Snim2Sn2rni , (4-18) 

H^J:YX-..-m^n^ P°] = 5N25^''{m\+n\+ml+nl)5^,„rJu2m^ , (4.19) 

= -'5Ar2^^°((y«i^<^„i,mi + l<5„i + i,mi + y^n^m^(5„i ^^i _i(5„i_i_„i ) 5„2 ,„2(5„2 ,„2 

+ (\/'^l"^l^„2 ™2+i(5„2+i „,2 + y^n|mp„2 ,„2_i(5„2_i „j2)5„i ,„i(5„i , (4.20) 

^mi^\;...;mjv"«[^0,^0,P°] = '5^4'^^° (^<5ni ma (^nsma <5„3m4 (^nimi + 5 pCrmutatiouS ^ . 

(4.21) 



We first compute Hminv^.-.-miml^ foi' ^ ^ |1, 2, 3| . Since there is no 6-point 
function at order in V , the differential equation (4.16) reduces to 



a(0) 



mini ;.. . -,1714714 



[A] 



dA 



E 



a 



E w 

b—l m,n,k,l,rn' ,n' ,k' ,1' 



-m n -.k I 



mini;... ;m4n4 



[A]{Qnm.-lkiA)H'^?l.^,l,.^^.^l[A]j , 

(4.22) 
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for certain coefficients C™ " ■'^ ' _ Ti^e solution is due to (3_^) given by 



mini ;. . .;m4n4 L J mini ; . . .;m4n4 L 

3 



^m'n';k'l' TTb{0) r J i 

■-^6 ^mini;...;m4n4 K-'OJ 



6—1 m,7i,k,l,m' ,n' ,k' ,1' 

X ((^nm;ifc(^) " "^nm-lki^o)) H'^^n' -k'l' -nin-kMo - 
3 

E\ ^ r^m'n';k'l' -rjb(Q) tA ] 

^mini;...;m4n4[^0j 



b—1 m.n.k.l.Tn' .n'k' .1' 



3 

^ E E (jrn n ,k I H'^';^, .f^, i, .^^^.,^i[Ao]j 

b' — l rn" ,n" ,k" ,1" ,rn"' .n'" ,k"' ,1"' 



With the initial conditions ( ^.18|) -( |4.20| ) we get 

^fm'il,.,m4n4[A^,p"] ^0 for G {1,2,3} 



(4.23) 



(4.24) 



and H, 



4(0) 



Inserting ([4.24| ) into the rhs of (|4.16| ) for a G {1,2,3} 



mini ; . . .;m4n4 



are constant, which means that the relations ( 4.18| )-( 4.21 ) hold 



actually at any value A and not only at yl = ylo. 

We need a grap hical notation for the i7- functions. We represent the base func- 
tions (4.18)^(4.21), valid for any A, as follows: 



H 



1(0) 



nl nl Til 
„2 „2 ; „2 ^2 



[A] 



^2(0) 



„2 „2 ; „2 ™2 



-ff„i+i „i+i „i „i [^] 
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i7 



4(0) 



.1 „i fci fci ii ji 

i2 „2 ; „2 fc2 ; fc2 ,2 : ,2 



fci 



5 permutations 



(4.25) 
(4.26) 
(4.27) 

(4.28) 



The special vertices stand for some sort of hole into which we can insert planar two- 
or four-point functions at vanishing external indices. However, the graph remains 
connected at these holes, in particular, there is index conservation at the hole oo 
and a jump by J or at the hole w>. 

By r epea ted contraction with A-graphs and self-contractions we build out of 
( 4.25| )-(4.28) more complicated graphs with holes. We use this method to compute 
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H. 



4(0) 



( [4.281) : 



[A\. In this case, we need the planar and non-planar self-contractions of 



En ttMo) 
^7nn;kl mxni;m2n2'-,'mn: 

( 



kl 



E 



V 




mi .■■ CO 




(4.29) 



These contractions correspond (with a factor — i) to last term in the third line of 
( 4.16 ), for a = 4 and N — 2 . We also have to subtract (again up to the factor — i) 
the fourth to last lines of ( 4.16| ). For instance, the fourth line amounts to insert 
the planar graphs of (4.29) with mi = ni = m2 = '^■2=9 into ( 4.25| ). The total 
contribution to the rhs of (4.16) corresponding to the first graph in (4.29), with 



TOl = 112 



and ni 



ni2 



reads 




(4.30) 



The second graph i n the first line of ( 4.3C ) corresponds to the fo urth line of ( 4.16 ). 
The second line of (4.30) represents the fifth/sixth lines of (4.16), undoing the sym- 
metry properties of the upper and lower component used in (4.16). The difference 

of graphs corresponding to the ^2 component vanishes, because the value of the 

gra ph is independent of "2 • There is no p lanar contribution from the last two lines 
of ( 4.16| ). In total, we get the projection ( ^3.29 ) to the irrelevant part of the g raph. 
The same procedure leads to the irrelevant part of the s econ d graph in ( 4.29| ). 

With these considerations, the differential equation (4.16) takes for = 2 and 
a = 4 the form 

^^-^nuni;)n2n2 [^] ~ ~ g '^mma '5n2"il ( E ^riiMm (^) E Qn2l-ln2^^'^ 



5 mini ;m2n2 



(A) 



(4.31) 
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The first line com es from tlie planar graphs in (4.29) and the subtraction terms 
according to ( 4.30|), wh ereas the second line of ( 4.3l| ) i s obt ained from the last (non- 
planar) gra ph in ( 4.29 ). Using the initial condition ( 4.21 ) at yl = ylo, the bounds 
( 3.21 ) and ( |3.2g| ) combined with the volume factor {C20A^Y the /-summation 
we get 

|rr4(0) r /111 ^ + jc A , ^0 ^ . ( A 0.0^ 

I^mini;m2n2 — QQA^ 0„jm2''n2™l + ^fl /)2 ""im2 ""2nil ■ 



It is extremely important here that the irrelevant projection Q|j^;?;„ and not the 



propagator Qni-in itself appears in the first line of (4.31) 



4.3. The power- counting behaviour of the auxiliary functions. The example suggests 
that similar cancellations of relevant and marginal parts appear in general, too. 
Thus, we expect all i/-functions to be irrelevant. This is indeed the case: 

Proposition 3 Let j be a ribbon graph with holes having N external legs, V 
vertices, external vertices and segmentation index i, which is drawn on a 
genus-g Riemann surface with B boundary components. Then, the contribution 
Hmrn]'\-'-fmNnl, of ^ to the expansion coefficient of the auxiliary function of a duality- 
covariant (f)^ -theory on in the matrix base is bounded as follows: 

1. For ^ according to Definition vhvn we have 



„a(V,VM,0,0)7 r . . ^ i 

7. „1 fci fci ii ,1 ,„i [^;^0,P0j 

n n m2 „2 : „2 1,2 : 1,2 ,2 : ,2 ,„2 

7 as in Dcf. [j.^ i i >" 



< {OA ^ 



6A^ 



Ar 



I -^3y-i-i-(5" 



(4.33) 



where all vertices on the trajectories contribute to 
2. For 7 according to Definition M.@ we have 



J2 

7 as in Dcf. 



-1 „i „i ,„i l^, ^0, Pol 



< 



^2-5vo(25''i+5''2) 



6A^ 



■ 1 X 3y-i-<5" 



p 



2y+<5'"' 



In 



Ar^ 
(4.34) 



where all vertices on the trajectories contribute to 
3. For 7 according to Definition ^.|^ we have 



Erra(y,V' ,1,0,0) . 1 

7 as in Def. ' '"^ 

2\l-'5 °p4y+2(5 



2-<5v 



1 N sy+a^^-y 



2y+<5"* 



In- 



A" 

(4.35) 



where all vertices on the trajectories contribute to 
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4- If J is a subgraph of an 1 PI planar graph with a selected set T of trajectories on 
one distinguished boundary component and a second set T' of summed trajectories 
on that boundary component, we have 



1 (2-<5^ 



0+2(1- 



■S)p4y +2+2(5°'* -Af 



3V' 



'L + S + t' 



, min(2,i(njC>[nj]))) 



mini; 



P 



2y+i+<5° 



In- 



A 
AZ 



(4.36) 



The number of summations is now restricted by s + 1' < V^+l. 
5. If ^ is a non-planar graph or a graph with N > 4 external legs, we have 



E 



< {0A^) 



(2-5'' 



)+2(l-S-2ff) p4y+2+25 
J n 



X 



3V- 



'-+S'"'+B+2g-V-L+s 



mini; 



.;mNnN 



P 



2V + l+S'"^ 



In- 



A ■ 
A^- 



(4.37) 



The number of summations is now restricted by s < V^+i. 

Proof. The Proposition will be proven by induction upward in the number V of 
vertices and for given V downward in the number TV of external legs. 

^. Takin g ( 3.33 ) into account, the esti matio ns ( 4.33| )-( 4.36 ) are further bound by 
( [4.37 ). In particular, the ine quality (4.37) correctl y repr oduces the boun ds fo r 
V = derived in Section 4.2. By comparison with (3.39) , the estimation (4.37) 
follows immediately for the H -linear parts on the rhs of ( 4.16| ) which contribute 

to the integrand of Hm^nY;.'^rnNnN [^]- Since planar two- and four-point fun ction s 
are preliminarily excluded, the vl-integration (from Aq down to A) confi rms (4.37) 
for those contributions which arise from i7-linear terms on the rhs of (4.16) that 
are non-planar or have > 4 external legs. 

We now consider in the ff-bilinear part on the rhs of ( 4.16| ) the contributions of 
non-pla nar g raphs or graphs with > 4 external legs. We start with the fourth 
line in (4.1(;), with the first term being a non-planar i/-function which (apart 
from the number of vertices and the hole label a) has the same topological data 
as the total iJ-graph to estimate. From the induction hypothesis it is clear that 
the term in braces { | is b ounded by the planar unsummed version (Bi = 1, gi = 
0, Li = 0, si = 0) of (|4.36D , with TVi = 2 and T = T' = 0, and with a reduction 



of the degree of the polynomial in In by 1: 



E Qnm;lk{A)II 0.0 0.^ 

' ' 

7n,n,k,l 

(,^2)(l-.-)^M3..+.°^- 



[Siloed 



p 



.2Vi-l+5° 



In 



A 

A^. 



(4.38a) 



Vi.y^,B,g,i) 



< OA' 



L)+2(l_B-2g) A{V-Vi)+2- 
^0 



N 



mini; . . .; m^nN 



0A^ 



X 



3{V-Vi)-f + B+2g-V''-i.+s 



p2(V-Vi) + l-f 



In- 



A 

aZ 



(4.38b) 
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We can ignore the term ], see ( 3.32| ), in (4.38a) because the external indices 
of tha t part are zero . In t he first step we exclude a = 4 so that the sum over Vi in 
(|4.16|) starts due to ( |4.18D -( ^^ at Fi = 1.FotVi = V there is a contribution to 
( 4.38b ) with N — 2 only, where ( 4.38a ) can be regarded as known by induction. 



Since the factor (^) ^i" can safely be absorbed in the polynomial P[ln- 



the product of (4.38a) and ( 4.38b| ) confirms the bound (4.37) for the integrand 
under consideration, preliminaril y for a ^ 4. In the next step we repeat the 
argumentation for a = 4, where ( 4.38h| ), with Vi = 0, is known from the first 
step. 



Second, we consider the fifth/sixth lines in (4.16). The difference of functions in 
braces { } involves graphs with constant index along the trajectories. We have 
seen in Section 3.3 that such a d iffere nce can be written as a sum of graphs each 
having a composite propagator ( 3.28|) at a trajectory. As such the (6'yl^)-degree 
of the part in braces { } is reduced^ by 1 compared with planar analogues of 
(4.37) for N — 2. The difference of functions in braces { } involves also graphs 



where the index along one of the tr aject ories jumps once by „ or ^ and back 



For these graphs we conclude from ( 3.24 ) (and the fact that the maximal index 
along the trajectory is 2) that the (M^-degrec of the part in braces { } is also 
reduced by 1: 



< {9 Ay 'i^—j P^Vi 



[Dcf. 



E\rr2{V-Vi,V,B.g.c),A^\ 
\ mini;...;mNnN L J| 



< {OA 



2^(2-f )+2(l-B-2g) p4(V-Vi)+2-N 



1 ^3{V-Vi)~f + l + B+2g-V''-L+s 



mini] . 



A 

A^ 



(4.39a) 



; mNriN 



0A^ 



p2(y-Vi)+i-f 



In- 



A 

A^. 



(4.39b) 



Again we have to exclude a = 4 in the first step, which then confirms the bound 
(4.37) for the integrand under consideration. In the second step we repeat the 
argumentation for a — A. 

Third, the discussion of the seventh line of ( 4.16| ) is completely similar, because 
there the index on each trajectory jumps once by ^ or ^. This leads again to 
a reduction by 1 of the ( 6>/l^)-degree of the part in braces { } compared with 
planar analogues of (4.37) for N = 2. 



Finally, the part i n bra ces in the last line of (4.16) can be estimated by a planar 



= 4 version of (4.37), again with a reduction by 1 of the degree of P[ln -r^]: 



I o E Qn"i;lk{^)Ho''o!o ,0 ,0 ,j[A]\ 

Z ^ — ' ' ' ■ J pcf. 



gal , 1 s 3Vi-l + <5° 



1 p2Vi-2+d"* 



^ The origin of the reduct 



a composite propagator (3.28). The argument in the brackets of 




(4.40a) 



m is the term ] introduced in (p.32[), with 6 = 1 in presence of 



is the ratio of the maximal 

external index to the reference scale 9/1^. Since the maximal index along the trajectory is 1, we 
can globally estimate in this case P"[ ] by a constant times (9/1^)"-'. 
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I rr4(y-Vi, i3,s,y=, Or/Ill 

\ ■mini;...;mj\^n]sj- I \\ 



2\(2-f )+2(l-S-25) p4(y-V'i)+4-JV 



< (OAT ^"'^^ " '"Pr 



mini] . 



; mMUN 



p2(y-Vi)+2-f 



In- 



A 



(4.40b) 



We confirm again the bound ( 4.37 ) for the integrand under consideration. 
Since we have assumed th at th e total iJ-graph is non-planar or has > 4 
external legs, the integrand (4.37) is irrelevant so that we obta in after integration 



from A n dow n to A (and use of the initial conditions ( 4.1^ 
bound ( 4.37 ) for the graph, 



-(4.21)) the same 



too. 



According to Secti on 4.2, the inequ ality (4.36) is correct for V — 0. By com- 
parison with ( 3.38| ), the estimation ( 4.36 ) follows immediately for the H- linear 



parts on the rhs of (4.16) which contribute to the integrand of HmrnY-,-'^rnNnN [^]- 



Excluding planar two- and four-point functions with constant index on the tra- 
jectory or with limited jump according to of Definition 0, the yl- integration 
confiri ns ([4.36[) for those contributions which arise from iJ-linear terms on the 
rhs of ( 4.16| ) that correspon d to subgraphs of planar graphs (s ubjec t to the above 
restrictions). The proof of ( 4.36 ) for the i?-bilinear terms in (|4.16|) is compl etely 
analog ous to the non-planar case. We o nly have to replace ( |4.38b| ), ( 4.39b ) and 
( 4.40bD by the adapted version of ( 4.361 ). In particular, the disti nguis hed trajec- 
tor y with it s subs ets T, T' of in dices comes exclusively from the (4.36 )-ana logues 
of ( 4.38b| ), ( [4.39b| ) and ( [4.40b| ) and not from the terms in braces in ( 4.16| ). 



|l|. We first consider a ^ 4. Then, according to (4.18| )-( 4.20 ) we need y > 1 in order 
to have a non- vanishing contribution to ( |4.33 ). Since according to Definition |l|.|l| 
the index along each trajectory of the (planar) graph 7 is constant, we have 



rro(V,y°,l,0,0)7 

mini ;m2n2 ;m3 713 ; 7714714 



A] 



± TTaiVy, 1,0,0) 
Q 7nim2;m27Ti3;7n3r7i4;7n47i 



Jyl] -|- 5 permutations 



(4.41) 



Then , using ( 4.18| )-( 4.21 ) and the fact that 7 is IPI, the differential equation 
( [4.16| ) reduces to 



A- 



dA 



ErTa(y,V' ,l,0,0)-i \A A 0] 

Tnini ;7n2n2 ;7ii3773 ;7ii4774 I- ' ^ ' J 

n Dcf. |l||l| 



^ Qnm;lk{A)(^H!^l 
m.n.k.l 



{V,V,B,0,U) r,n 



H. 



aiV.V ,B,0,i.) 



^oo:00;00:00;m„;fci M ) f nQ + ^ permutatious 

^ J [Dof. |l||]J 
V V-1 

the 4"" to last lines of ( [4.16]) with ^ ^ ^ ■ 

Vi=0 Vi = l 



(4.42) 



a{V,V'' ,B,0,c) 
00;00:00;00;mn:kl 



[A] in the second line of (4.42) comes from the 



Here, the term iJ, 

(Vi — y)-contribution of t he last line in ( 4.16D , together with (|4.21|) 
same way as in Section 3.3 we conclude that the second line of ([4. 42]) 



In the 
can be 



written as a linear combination of graphs having a composite prop agato r ( 3.17a ) 
on one of the trajectories. As such we have to repla ce the bound ( ^.22 ) relative 
to the contribution of an ordinary propagator by (3.2^). For the total graph 
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this amounts to multiply the corresponding estimation (4.36) of ordinary H- 
graphs with = 4 by a factor , which yields the subscript 1 of the part 



p^v ~z+ zo—y j q£ ^j^g integrand ( 4.33 ), for the time being restricted to the s econd 
line of ( 4.42 ). Since the resulting integrand is irrelevant, we also obtain ( 4.33 ) 
after yl-integra tion f rom Aq down to A. Clearly, this is the only contribution for 
V ~ \ so that (4.33) is proven for V — 1 and a 7^ 4. 

In the second step we use this resul t to extend the proof to y = 1 and a — 4. 
Now the differential equation ( 4.16 ) re duces to the second line of ( 4.42 ), with 
a — A, and the fourth to sixth lines of (4J^)with V = 1 and Vi = 0. There is 
no contribution from the seventh line of ( ^4.16 ) for Vi — 0, because the p art in 
braces would be non-planar, which is exclud ed in Definition Inserting (4.21) 
we obt ain th e composite pro pagat or ( |3.17b ) in the part in braces { } of the fifth 
line of ( 4.16 ) . Toget her with ( 4.33 ) for = 1 and a 7^ 4 already proven we verify 
the in tegrand (4.33) for = 1 and a = 4. After yl-integration we thus obtain 
(|3|) for = 1 and any 



This allows us to use ( 4.33) as induction hypothesis for the remaining contri- 
butions in the l ast line of (|4.42| ). Th is is si milar to the procedure in |[ we only 
have to replace (4.38b), (l4.39b ) and (4.40b) by the according parametrisation of 
( |4.33| ). We thus prove ( [4.33^ to all orders. 



We first consi der a ^ 4. Th en, a cc ordin g to ( 4.18 )-( 4.20 ) only terms with Vi > 1 



contribute to (4.16| ). Using ( [4.18[ )-( |4.2l| ) and the fact that 7 is IPI, the differential 
equation (4.16) reduces to 



. 9 ( 



E 



7 as in Dcf. 
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0(^,^,1,0,0)7 



a^4 



W E Qr. 



dk 



{A)(h' 



J-a(y,^/^B,0,^.) 



> \mn\kl 



[A] 
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mn\kl 



[A] 
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■.mn-.ki 



[A] 
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rraiVy 
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mn;kl 
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a(V,y^B, 0,t) 



H 



' ' 
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.:kl 
,B,0,l) 



[A]) 
[A]) 



H 



4(0) 
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dA]\ 



a(y,y%B,o,<,) 



[a]-h: 
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a(y,y^B,o,t) 
0000 . , 
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kl 
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(4.43a) 



fDcf. 1 



1 



E 



2 ^ 



'nm;//i: (^)-^o V . . . .t/t^] 
OO'OO'OO'OO i^^;'^^ J 



[Dcf. 



V V-1 

the 4'^ to last lines of ( [4.16D with X! E 

yi=o yi=i 



(4.43b) 
(4.43c) 



If the graphs have constant indices alon g the tr ajectories, we conclude in the same 
way as in Appendix B.l that the part (4.43a) can be written as a linear combi- 
nation of gra phs ha ving cither a composite propagator (3.17b) or two composite 
propa gators ( 3.17a ) on the trajectories. As such we have to repl ace t he bound 
( 3.22 ) rela tive to the contribution of an ordinary propa gatoi by ( |3!29| ) or twice 
(3.22) by (3.28). For the total graph this amounts to multiply the corresponding 
estimation ( 4.36| ) of ordinary iJ-graphs with = 2 by a factor r"a-x(m ,n )\2 



which yields the subscript 2 of the part 



,4y+2(5" 



of the integrand ( 4.34| ), for 
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the time being restricted to the part (4.43a). F or g raphs with index jump in 
Definition nU2 we obtain according to Appendix B.f the same improvement by 
(22^^^^^^. Next, the product of (|I3^) with (H.40a|) gives for (H.43b[ ) the same 
bound ( 4.34|) for the integrand. Since the resulting integrand is irrelevant, we also 
obtain ( 4.34|) after yl-integration. Clearly, this is the only contribution for V = 1 
so that ( |4.34 ) is proven for ^ = 1 and a 7^ 4. 

In the second step we use this r esult to extend the proof to V = 1 an d a = 4. Now 
the differential equation ( 4.16 ) reduces to th e sum of ( 4.43a ) and ( 4.431: ), with 
a = 4, and the fourth to sixth lines of ( 4.1(j) wi th V = 1 and Vi — 0. Ther e is 
again no contribution of the seventh line of {\L16 ) for Vi = 0. Inserting (4.21) we 



obtain the com posit e propagators ( 3.171 ) in the fifth/sixth lines of ( 4.1(: ), which 
t oget her with ( 4.34 ) for = 1 and a ^ 4 already proven verifie s the integrand 
( [4.34| ) for F = 1 and a 4. After yl-integration we thus obtain ( [4.34| ) for ^ = 1 
and any a. 



This allows us to use (4.34) as induction hypothesis for the remaining contribu- 
tions ( 4.43c ) for V > 1 . This is sim ilar to the procedure in ||, we only h ave t o 
replace (4.38b), ([4.39bD and ( 4.40bD by the according parametrisation of (4.34). 
We thus prove ([4.34|) to all orders. 



^. The proof of ( 4.35| ) is performed along the same lines as the proof of ( 4.33 ) and 



(4.34). There is one factor 



max(m^ , 
WW 



frc 



{nio[ni]) 



7120 [naj) ^ 2 in ( |4.36| ) 

and a second factor fr om t he composite propagator (3.28) or (| 3.3C| ) appearing 
according to Appendix BT in the (Vi = V^)-contribution to ( ^4.161) . 



This finishes the proof of Proposition 



□ 



4.4- The power- counting behaviour of the AQ-varied functions. The estimations in 
Propositions || and Hallow us to estimate the i?-functions by integrating the dif- 
ferential equation (4.17). Again, the i?-functions are expanded in terms of ribbon 
graphs. Let us look at i?-ribbon graphs of the type described in Definition Since 



Dcf lillil^o^o''.'^) 0.0 0.0 [^,^o,P°] = P4:[A^o,P°], we can rewrite the expan- 

LTU ; n n,- o o ' o o 



^7 as m 



sion coefficients of ( [4.5|) as follows: 



nn „2 ; „2 t.2 ; 1-2 i2 ; ,2 ^2 
7 as in Dcf. |lHl| ^ ^ ^ ' 

<^^0 .f^^f m V „2 „2 ; „2 ,2 ; ,2 ,2 ; ,2 „2 



7 as : 



' ' ' 



a, 6=1 7 as in Dcf. 



-^00. 00. 00. 00 [^ij ^iOj F 



OO'OO'OO'OO 



^^^Aoj^p,[A,Ao,p'] 

dpb[A,Ao,p^'] dAo 



(4.44) 



This means that (by construction) only the (tIq, p'')-derivatives of the projection 
to the irrelevant part ( 3.35a ) of the planar four-point functi on co ntribu tes to R. 
Similarly, only the {Aq, p'^)-derivatives of the irrelevant parts ( 3.36a ) and ( 3.37a| ) of 
the planar two-point function contribute to R. According to the initial condition 
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( |3.3| ), these projections and the other functions given in Definition |l|.^ vanish at 
A — Aq independently of Aq or p^: 



n - A ^ / .(KVM,0,0)7 r . . ni 

(7/10 ^ ,Ti2 ; „2 ; ,2 ; ^2 ^2 

1,0,0)7 I A A M- 
■^0 0.0 0.0 0.0 [/^Oj /^Oi F 

OO'OO'OO'OO 

(V,V^1,0,0)7 

1 „i ,ii fci 

2 Ti2 ; T^2 fc2 ; fc2 ^2 ; ;2 „^2 

,(V,yM,0,0)7 r/i A 0- 
/Iq . . . [/J-Oj /^Oj F 



9 / .(V/,V/M,0,0)7 ,A A ^01 



OO'OO'OO'OO 



7 as in Def. 



7 as in Dcf. 



00 



00' 



(4.45a) 



= 



/I / <(V,yM,0,0)7r . . 01 .(y,VM,0,0)7r . . ni 

^^OTT-p I „i „i „i Klo, /lo, P J — ^0 0.0 Kio,^io,P J 

C'/lo ^ jn2 ^2 ; „2 ^2 ' 

1/ 4(v,y",i,o,o)7r - - oi .(v,v=,i,o,o)7r . . on 

OO'OO OO'OO 

.(V,yM,0,0)7r . A 01 -(V,yM,0,0)7r . A OA 

— n [An 1 1 yio, /iO, P J — /io [^lOj ^lo, P \) 

OO'OO OO'OO 

2( AVySfifih.. . 01 .(V,VM,0,0)7r . a OiX 

— TO (^Aoooo Klo,^lo,P J — ^0 0.0 Kio,/io,Pjj 

lO'Ol OO'OO 

„2/4(V',VM,0,0)7r . . 01 .(y,yM,0,0)7r/, A Oa\ 

— 71(^/loooo K^O, /io, P J — ^0 0.0 Kl0,^l0,Pjj) 

Ol'lO OO'OO / 

9 / ,(y,yM,o,o)7r . . oi -(y,yM,o,o)7r . . oi 

"q~0 "1 "1 ™i K^O, /iO, P J — ^0 0.0 Kio, ^lo, P J 

\ ^2 „2 ; „2 ^2 OO'OO 

^l/'4(l^'^^M'0,0)7r . A 01 -(V,VM,0,0)7r . . Oi\ 

— TO /1 10. 1 Klo, ^lo, P J — ^0 0.0 Ki0,/i0,Pjj 

OO'OO OO'OO 

„V4(V,VM,0,0)7r . . 01 .(y,yM,0,0)7r/, /, OA 

— n(^/loiio K^O, /io, P J — ^0 Kl0,^l0,P Jj 

OO'OO OO'OO 

^2/4(V',VM,0,0)7r . . 01 -(V,VM,0,0)7r . a OA 

— TO /loo [/I07 ^lo, P J — ^0 KiO,/iO-Pjj 

lO'Ol OO'OO 

„2/4(V,yM,0,0)7r . . 01 ,(y,VM,0,0)7r . A on" 

— n(^/loo.oo KiO, /iO, P J ~ /io 0.0 [^lOj^lOiPjj 



7 as in Def. 



7 as in Dcf. 



(4.45b) 



n - /I ^ <(y,i/M,o,o)7 r . . 01 

•^^^0 ^ „2 „2 ; „2 ,„2 

- V(mi + l)(ni + l)A(^'^;^''°'°^^[^,vlo,p'' 



" / .(\/,KM,0,0)7 r/, 4 ^Oi 
JTfl ( ^,„i + i „i + i „i ™i i^O, ^0, P J 

'^Pa m2 „2 ; „2 „2 



(9 



V(mi + l)(ni + l)A^/i^ ,i.o,o)7[^^^ ^0 

OO'OO 

7 as in Dcf. [^^ 



Def. 



7 as in Dcf. 



" ^(^/,^/^B,,(?,^)7 r/i /I 



7 as in Dcf. |]|.^ 

The ylo-derivative at yl = /Iq has to be considered with care 
d_ 

'dAo 
d 



(4.45c) 



(4.45d) 



= AA(r;^:;.^;^^i7.„ ^0, p'])^^^+ (^o^4rir:;.'';t2;^„ i^, ^o, p^i) 



A=.lo 

(4.46) 



38 



Harald Grosse, Raimar Wulkenhaar 



and similarly for ( 4.45a )-( 4.45c). In serti ng (4.44), (4.45), ( 4.4(^ ) and according for- 
mulae into the Taylor expansion of (4.5) we thus have 



7 as in Dcf. M.h 



_ .(y,yM,0,0)7 r . . ni 
^0 . . . L-^-*-? ^^0? P J 



OO'OO'OO'OO 



(4.47a) 



7 as in Dcf. ^.g] 

= - E f ^Ir ^, p°] - ^, 

(7/1 V ^2„2;„2^2 OO'OO 

7 as in Dcf. P-H ^ m n n m 

.(y,v=,i,o,o)7M /I „oi 4(y,vM,o,o)7r/i a „oi 





OO'OO 



[A,Aq,P J — Ao 0.0 

OO'OO 

— mIyAooaa [A, Af), p \ — A „ „ a o [A-, Aq, p \'j 

lO'Ol OO'OO 

— 71(^yioo.oo [A, Aq,P \ — Aa 0,0 [A, Aq, p \'j 

Ol'lO OO'OO 

En(V,2, 1,0,0)7 \A A J)^ 

7 as in Dcf. |.| '"^ ' ""^ 

7 as m Dcf. p.B ^ m n 



- yRTT)pTT)A(,^^^;o^'°'°)^[A^,P°] 

OO'OO 

-Rl^'ni;.'^;m!v^«„[^0,vlo,p"] . ^ . HH 

7 as m Dcf. Q|J4 

- A /l(^'^°'S,9,07 r/| /I, „o 



7 as in Dcf. 



Si 



A=Ao 



A=Ao 



A=Ao 



(4.47b) 



(4.47c) 



(4.47d) 



In particular. 



Ri^[\ilf:%,„M^Ao,p']^o 



(4.48) 



We first get ( |4.4S| ) at yl = ylo from ( [4.47a| ). Since the rhs of ( [4.17| ) vanishes for 
V = 1 and iV = 4, we conclude ( 4.48 ) for any A. 

Proposition 4 Let 7 &e an R-ribbon graph having N external legs, V vertices, 
external vertices and segmentation index l, which is drawn on a genus-g Riemann 
surface with B boundary components. Then the contribution Rm^ni ■'^.Im'^ni^ of 7 
to the expansion coefficient of the Ag-varied effective action describing a duality- 
covariant (f)^ -theory on in the matrix base is bounded as follows: 
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1. If ^ is of the type described under^^ of Definition^, 



have 



R^l^J^fi'^k^ fei ii ;i ™i ^0, Pa] 

7 as in De/. jj.L/ 



^2 ^2 5 fc2 5 fc2 ;2 ; ^2 



< 



4V-4 



7 as in Def. |^.^ 



2 n2 ; „2 ™2 



1 X 3V-2-V^ 



2y-2 



In 



viol 
Ar\ 
(4.49) 



< 



P. 



4V-2 



/ 1 

v7? 



p 



.2y-i 



In 



7 as in Def. ^.|^ 
,^2 



+ i „i + i „i „i Kij^lQiPoJ 



< 



,4V-2 



9A^ 



' 1 s 3V~1-V' 
J_\ p2V-l 



In 



(4.50) 



Ao_ 
Arj 
(4.51) 



2. If ^ is a subgraph of an 1 PI planar graph with a selected set T of trajectories on 
one distinguished boundary component and a second set T' of summed trajectories 
on that boundary component, we have 

'A^ 



< 



(2-f )+2(l-S)/ 1 \ 3V-f-l+B+2g-V''-,+s+t' 



\f2J 



X P 



AV-N 



(2t'+i:;;-^gy min(2,i(n,o[nj]>)j 

3. If ^ is a non-planar graph, we have 

El<ni;.'';t:v^n„[^,^0,P0]| 

'A^ 



mini] 



eA^ 



p2V~f 






L ArI 



(4.52) 



< 



1 \ 3^-- 



(2- 



)+2(l-B-2g) 4V-N 
^0 



mini] . 



; mNUN 



OA^ 



■-l + B+2g-V'' -1.+S 



P 



2V- 



1 ^0 
Ar 



(4.53) 



QforN> 2V+2 or E^iH^-n.) ^ 0. 



We liave Itmini\...-,mj^nN 

Proof. Inserting the estimations of Proposition |^ into (4.47) we confirm P ropos ition ^ 
for A = Aq, which serves as initial condition for the yl-integration of (4.17). This 
entails the polynomial in In instead of 1ii_t^ appearing in Propositions y and ||. 
Accordingly, when using Propositions ^ and|^ as the input for (4.17), we will further 
bound these estimations by replacing In ^ by In -jS- . 

Due to (H.48|) the rhs of ([4.17|) vanishes for iV = 2, y 1 and for TV = 6, F = 
2. This means that the corresponding P- functions are constant in A so that the 
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Proposition holds for Rm'-^nl'!m%,2 



(14,2,0,1) r/,1 p(2,2,l,0,0) r-n ^. 

(4.17) is a linear differential equation, the factor 4^ relative to the estimation of 



[A], Ri, 



the A-functions of Proposition ^ first appearing in i?mlnj;m2n2 [^l, ^mlni;m2n2 [^] 

and Rmini;...\m2n2 

[A], survives to more complicated graphs, provided that none of 
the i?-functions is relevant in A. 

For graphs according to Definition |l|Mthe first two line s on the rhs of ( 4.17 ) 
yield in the same way as in the proof of ( [3.39| ) the integrand (4.53), with the degree 
of the polynomial in In -j^ lowered by 1 . Since under the given conditions an di- 
graph would be irrelevant, an i?-graph with the additional factor 4j is relevant or 
marginal. Thus, the yl-integration of the first two lines on the rhs of ( 4.17 ) can be 



estimated by the integrand and a factor P^[ln 4^], in agreement with (4.53). In the 



same way we verify ( 4.52| ) for the first two lines on the rhs of ( 4.17 ) . 

In the remaining lines of (4.17) we get by induction the following estimation: 



EQnm-lk{A)R\-i Q\-i Q 

m,n,k,l 



[A] 



[Dof. m 



< 



(l)(-^)(^ 



1 X 3y-i- 



P 



2V-2 



In 



At, 



(4.54a) 



V Qn,nMA){R'^Y^\^ JA]-R'}f^\, \A] 



,fc,i 



[Dof. 



1 s 3V-1-V= 



32y-2 



^1 

Ai 



V gn™;ife(vi)M'^^L aaA 

.,„,fc,i J[Dcf. 



(4.54b) 



(A^ 

^(4 



1 X 3y-i-y= 



(^) 



P 



2V-2 



In 



Qnm;lk{A)R 

. . . c 

■ " n n 1 n n ? n n 1 r 



OO'OO'OO'OO' 



Ab. 
[A] 



(4.54c) 



- \Al)\Q) 



.■kl 



Ar. 



[Dcf. M 



(4.54d) 



These estimations are obtained in a similar way a s (4.38a), (4.39a) and (4.40a). In 
particular, the improvement by (OA^)"^ in (4.54t) is due to the d ifferen ce of graphs 
which according to Section yield a composite propagator (3.17a). To obtain 

(4.54c) we have to use (4.52) with (nio(ni)) + (ri2o(n2)) = 2, which for the graphs 
under consideration is known by induction. 

Multiplying (4.54) by versions of Proposition ^ according to (4.17), for Vi < V, 
we obtain again ( [1.53| ) or (mi), with the degree of the polynomial in In ^ lowered 
by 1, for the integrand. Then the yl-integration proves ( |4.53| ) and ( 4.52| ). 

For graphs as in JM of Definition |l| one shows in the sa me wa y as in the proof of 
|l|-^ of Proposition l^that the last term in the third line of ( 4.17[ ) and the {Vi = V")- 
terms in the rem ai ning lines project to the irrelevant part of these i?-functions, 
i.e. lead to ( 4.49 )-( 4.51 ). This was already cl ear fr om ( 4.44 ). For t he rem aining 
( Fi < y)-t erms in the fourth to last lines of ([4.17|) we obtain ( [4.49|) - (|4.5l| ) from 
(E!54l) and (B33l)-(05|). This finishes the proof. □ 
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4-5. Finishing the convergence and renormalisation theorem. Wc return now to the 
starting point of the entire estimation procedure — th e ide ntity (4.4). We put A — Afi 
in Proposition ^ and perforin the ylo-integration in (4.4): 



Theorem 5 The (j)^ -model on Rg is ( order by order in the coupling constant) renor- 



malis able in the matrix base by adjusting the coe fficien ts Pa[Ao] defined in (3. It) 
and { 3.l\ ) of the initial interaction to give ( S.ldj) and by integrating the the 

Polchinski equation according to Definition 



The limit A. 



(V.y\B,g,L) 
mini; 



A. 



{V,V',B,g,L) 



oo -^mi ni ; 



[Ar,Ao^[Ao]] of 



the expansion coefficients of the effective action L[(p, A r, Aq, p [Aq\], see (3.4), exists 
and satisfies 

{2ne)^-'Al^;Z;^:?^2n. [An, oo] - (2ne)^-'AZ;:;;^:^^^ [An, Ao, p°] 



< 



A 



6-N 



/ 1 ^2{B+2g-l) 

\n9A\. 



X R 



AV-N 



mini; 



. ; mNUN 



Vi7 



1 ^3y^ 



P 



'»4^ 

An 



(4.55) 



Proof. We insert Proposition |4[ taken at yl = An, into (4.4). We als o use (3.33) 
in Proposition Now, the existence of the hmit and its property (4.55) are a 
consequence of Cauchy's criterion. Note that J |f P'^[lna;] = ^P''^[lna;]. □ 



5. Conclusion 

In this paper we have proven that the real (/>'*-model on (Euclidean) noncommuta- 
tive is renormalisable to all orders in perturbation theory. The bare action of 
relevant and marginal couplings of the model is parametrised by four (divergent) 
quantities which require normalisation to the experimental data at a physical renor- 
malisation scale. The corresponding physical parameters which determine the model 
are the mass, the field amplitude (to be normalised to 1), the coupling constant and 
(in addition to the commutative version) the frequency of an harmonic oscillator 
potential. The appearance of the oscillator potential is not a bad trick but a true 
physical effect. It is the self-consistent solution of the UV/IR-mixing problem found 
in the traditional noncommutative (/)'*-modcl in momentum space. It implements the 
duality (see also [^) that noncommutativity relevant at short distances goes hand 
in hand with a modified structure of space relevant at large distances. 

Such a modified structure of space at very large distances seems to be in con- 
tradiction with experimental data. But this is not true. Neither position space nor 
momentum space are the adapted frames to interpret the model. An invariant char- 
acterisation of the model is the spectrum of the Laplace-like operator which defines 
the free the ory. Due to the li nk to Meixner polynomials, the spectrum is discrete. 



Comparing (A.l) with (A. 11) and (A. 12) we see that the spectrum of the squared 
momentum variable has an equidistant spacing of Thus, \J ^ is the minimal 
(non- vanishing) momentum of the scalar field which is allowed in the noncommuta- 
tive universe. We can thus identify the parameter ^/J2 with the ratio of the Planck 
length to the size of the (finite!) universe. Thus, for typical momenta on earth, 
the discretisation is not visible. However, there should be an observable effect at 
extremely huge scales. Indeed, there is some evidence of discrete momenta in the 
spectrum of the cosmic microwave background plj^'^. 



According to the main purpose of one should also discuss other topologies than the non- 



10 

commutative 
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Of course, when we pass to a frame where the propagator becomes — rr— 2, with 
p now being discrete, we also have to transform the interactions. We thus have to 
shift the unitary matrices Um ^ appearing in ( [A.l| ) from the kinetic matrix or the 
propagator into the vertex. The properties of that dressed (physical) vertex will be 
studied elsewhere. 

Another interesting exercise is the evaluation of the /3-function of the duality- 
covariant (/)^-model 123]. It turns out that the one- loop /3- function for the coupling 
constant remains non- negative and and vanishes for the self-dual case [2 = 1. More- 
over, the limit f2 ^ exists at the one-loop level. This is related to the fact that 
the UV/IR- mixing in momentum space becomes problematic only at higher loop 
order. 

Of particular interest would be the limit 9 ^ 0. In the developed approach, 9 
defines the reference size of an elementary cell in the Moyal plane. All dimensionful 
quantities, in particular the energy scale A, are measured in units of (appropriate 
powers of) 9. In the fi nal r esult of Theorem ||, these mass dimensions are restored. 



Then, we learn from (4.55) that a finite 9 regularises the non-planar graphs. This 
means that for given Aq and Aj^ the limit 9—^0 cannot be taken. 

On the other hand, there could be a chance to let 9 depend on Aq in the same 
way as in the two-dimensional case the oscillator frequency f2 was switched off 
with the limit Aq —> 00. However, this does not work. The point is that taking in 



(4.7) instead of the ylp-derivative the ^-derivative, there is now a contribution from 



the 0-dep enden ce of the propagator. This leads in the analogue of the differential 



equation (4.11) to a term bilinear in L. Looking at the proof of Proposition |J, we 
see that this L-bilinear term will remove the factor Aq'^. 

Thus, the limit 9 ^ is singular. This is not surprising. In the limit — > the 
distinction between planar and non-planar graphs disappears (which is immediately 
clear in momentum space). Then, non-planar two- and four-point functions should 
yield the same divergent values as their planar analogues. Whereas the bare diver- 
gences in the planar sector are avoided by the mixed boundary conditions in 
of Definition 0, the naive initial condition in Definition for non-planar graphs 
leaves the bare divergences in the limit 9^0. 

The next goal must be to generalise the renormalisation proof to gauge theo- 
ries. This requires probably a gauge-invariant extension of the harmonic osillator 
potential. The result should be compared with string theory, because gauge theory 
on the Moyal plane arises in the zero-slope limit of string theory in presence of a 
Neveu-Schwarz _B-field [2^ . As renormalisation requires an appropriate structure of 
the space at very large distances, the question arises whether the oscillator poten- 
tial has a counterpart in string theory. In this respect, it is tempting^^ to relate the 
oscillator potential to the maximally supersymmetric pp-wave background metric 
of type IIB string theory found in , 

8 8 

ds"^ = 2dx+dx~ - 4A2 ^{x'f{dx-f + ^{dx'f , (5.1) 

i=l i=l 

for dx^ = -^{dx^ ± dx^^)^ which solves Einstein's equations for an energy- 
momentum tensor relative to the 5-form field strength 

F5 = Xdx' {dx^ A dx^ A dx^ A dx"^ + dx^ A dx^ A dx'^ A dx^) . (5.2) 
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A. Evaluation of the propagator 

A.l. Diagonalisation of the kinetic matrix via Meixner polynomials. Our goal is to 
diagonalise the (four-dimensional) kinetic matrix G^i „i ji given in (2.6), making 

use of the angular momentum conservation — — vnT — k'^ — V (which is due 
to the 5*0(2) X 50(2)-symmetry of the action. For a*" > we thus look for a 
representation 



G^l = E C^i">i<U^-^^ + ^V^+I^U\^U\?;^ , (A.l) 

T.U^uir'- (A.2) 



The sum over wou ld b e an integration for continuous eigenvalues Vir. Com- 
paring this ansatz with (2.6) we obtain, eliminating i in favour of v, the recurrence 
relation 

{l-n^)^m{a+m)U^l,{v) + {v - {l+n^){a+l+2m))U^\v) 

+ il-n^)^{m+l){a+m+l)U^l^iv) = (A.3) 

to determine Um\v) and v. We are interested in the case i7 > 0. In order to make 
contact with standard formulae we put 



Ul:^ (t.) = /(")(«) ^ ^l^^Vf^ (v), v = ux + p. ( A.4) 

We obtain after division by Z*^"' (u) 



I.e. 



1 



Now we put 



+ -{a+m.+ l)V:,:i^{vx+p) , (A.6) 



1 2(l-K/?2) {l+n^)P~p ^ V 

(A.7) 
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and 

V^"\yx+p)^M^{x-p,c) , (A.8) 
which yields the recursion relation for the Meixner polynomials fl^ : 

{c-l)xMm{x] (3, C) = c{m+fi)Mrn+l(x; /?, c) 

- (m + (m+/3)c)M„(a;; P, c) + mM„_i(a;; P, c) . (A.9) 



The solution of (A/7) is 



(l±/2)2 



We have to chose the upper sign, because the eigenvalues v are positive. We thus 
obtain 



Vx = 2fl{2x+a+\) . 



M^[x;l+a,j^ 



(A.ll) 



The function f''°'\x) is identified by comparison of ( |A.2| ) with the orthogonality 
relation of Meixner polynomials p6| , 



E 



r{p+x)c' 
r{(3)x\ 



M^{x-p,c)M^{x;l3,c) = 



c-"n!r(/3) 
r(l3+n){l-cY 



(A.12) 



The result is 



m )[ X J \ Vl+72 



(l + /2)2 



(A.13) 



The Meixner polynomials can be represented by hypergeometric functions ||l 

412 



(A.14) 



This shows that the matrices ul^i in (A^) and (A_^) are symmetric in the lower 
indices. 



A. 2. Evaluation of the propagator. Now we return to the computation of the propa- 
gator, which is obtained by sandwiching the inverse eigenvalues {j^Vii + j^Vi2 +/io) 
between the unitary matrices U^"\ With (A.ll) and the use of Schwinger's trick 



Renormalisation of (ji^-theory on noncommutative in the matrix base 



45 



1. = J^"" dte^^^ we have for 9i = 62 = 9 



/I /"OO '-^^ 



812 Jo 



n 



J\{i+n) 



OO 












/ — m*, —a;* 







4X2 



(A.15) 



We use the fohowing identity for hypergeometric functions, 



/— m,— X \ /— <• 



(l-a)"+"+'+ 



il-{l-b)aY 



\a\ < 1 



(A.16) 



The identity (A.16) is probably known, but beca use it is crucial for the solu tion o f 
the free theory, we provide the proo f in Section A. 4. We insert the rhs of ( A.16D , 
expanded as a finite sum, into ( |A.15| ), where we also put z = e^*: 



m2 „24.„2 ; i24.„2 (2 



8n — JO 



Q min(m J )min(m ,i ) , i („! +„2)^„l _^„2 ^ _ ^ l ^„2^;l_^;2_2„i ^an^ 



1- 



(l+fi)2 



n{((i+/?)^ 



(m*-M»)!(/*-u*)!(a»+M*)!M»! 



(A.17) 



This formula tells us the important property 



m2 ^2^„2 ; ,2^„2 (2 „2 ^2 ^„2 ; ,2 ^„2 (2 p2=0 



(A.18) 



i.e. all matrix elements of the propagat or are positive and majorised by the massless 
matrix elements. The representation (A.17) seems to be the most convenient one 
for analytical estimations of the propagator. The strategy^^ would be to divide the 
integration domain into slices and to maximise the individual z-dependent terms of 
the integrand over the slice, followed by resummation p^,p7|. 



We are grateful to Vincent Rivasseau for this idea. 
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The z-integration in (A. 17) leads according to 
metric function: 



§9.111] again to a hypergeo- 



A, 



1 il 

m2 m2 + j,2 = ;2+„2 (2 

niin(m"^,/^) inin(m^,^^) 



812 



E 



r(l+^+i(ai+a2)+ui+u2)(,7ii+m2+«^+«'-2wi-2u2)! 
r(2+||f+i(ai+a2)+mi+m2+?i+?2-ui-u2) 



X 2^1 



n 

1=1 



2+^+i(ai+a2)+mi+m2+/i+/2_Mi-M2 



Sfi ' 2 ' 



;i+f2)= 



1+12 



min(m ,^ ) min(m ,^ ) 2 



m1=0 



2(l + f2)2 
/l_j7x m'+i'-2«' 

vi+r^J 




X 2i^l 



B(l+^ + i(a^+a2)+it^W,l+mi+m2+/i+/2_2ui-2u2) 

(1-/2)2^ 



i+r^y ■ ' 2 

l+mi+m2+/i+/2_2ui-2u2 , i (Q,i+Q,2)_yi_u2 



2+^+i(ai+a2)+mi+m2+Zi+;2_ui_ii2 



(l+/2)2 



(A.19) 



We have used |25| §9.131.1] to obtain the last line. The form (A.19) will be useful for 
the evaluation of special cases and of the asymptotic behaviour. In the main part, 
for presentational purposes, a* is eliminated in favour of fc\n* and the summation 
variable + — 2m* is used. The final result is given in (pT?!). 

For /ip = we can in few cases evaluate the sum over exactly. First, for P = 
we also have = 0. If additionally a' = we get 



nl , 

n2 ^ 



d /l-i7\™'+'"' 
2(l+/2)2(l+TOi+m2) Vl+f2/ 



(A.20) 



One should notice here the exponential decay for i7 > 0. It can be seen numerically 
that this is a general feature of the propagator: Given and a*, the maximum 
of the propagator is attained at P = m'. Moreover, the decay with |P — m*| is 
exponentially so that the sum 



/I. (2 ' 



.1 ll 
,2 „2 + q2 ; ,2 + q2 i2 



(A.21) 



converges. We confirm this argumentation numerically in (|( 

It turns out numerically that the maximum of the propagator for indices re- 
stricted by C < max{m^ , 771^ , , , , k'^ , , l"^) < 2C is found in the subclass 
Ami „i „i ,„i of propagators. Coincidently, the computation in case of m'^ ^ P = 



' 



A' 



simplifies considerably. If additionally — tt} we obtain a closed result: 
e ^ (m!)2(2u)! 



' 



2(1+12)2 Z^^ (m-u)!(M!)2(l+m+M)! 



X 2^^! 



1+2m , m 
2+rn+u 



(l+/2)^ 



1-/2 
1+12 



2u 
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2(1- 


h/2)2 
9 


2(1- 


9 



2(1-HI?)2 



u— r—u 

m 

E(-i)^ 



{m[y{2u+sy. 



[l-f2) 



2 \ 



(m-u-s)!(u!)2(l+m+M4-s)!s! V(H-^2)^/ 
(m!)2(r+u)! /(l-r2)2\'' 



(TO-r)!(u!)2(l+m-|-r)!(r-u)! v(l+^) 



(m!) 



M2 



E' 



2(H-J7)2 ^ (m-r)!(H-m-hr)! V(l+^^)^ 



2(l-H/?)2(TO-fl) 



1 , —TO 
TO-l-2 



(1-^)^ 



for > , TO > 1 
for J7 = , TO > 1 



r-|-l , — r 



(m— r)!(l-|-TO-f r)! " " V 1 
(to!)2 /(l-r2)2\'' 



A(i+^2)' 



(A.22) 



We see a crucial difference in the asymptotic behaviour for f2 > versus 
]7 = 0. The slow decay with to" 5 of the propagator is responsible for the 
non-renormalisability of the (/)^-model in case of = 0. The numerical re- 
sult (C.S) shows that the maximum of the propagator for indices res tricte d by 
C < ma,x{m^ , m'^ , , n'^ , , , , P) < 2C is very close to the re sult (A.22 ), for 
m — C. For [2 — the maximum is exactly given by the 6*^ line of ( A.22 ). 



A. 3. Asymptotic behaviour of the propagator for large a\ We consider various lim- 
iting cases of the propagator, making use of the asymptotic expansion (Stirling's 
formula) of the /^-function, 



(A.23) 



This implies 



r{n+i+b) 



{a-b)ia+b+l) 
2n 



0{n- 



(A.24) 



We rewrite the propagator (A. 19) in a manner where the large-a* behaviour is easier 
to discuss: 



+ !l+cl il 

j2+„2 ; , 24.^2 ,2 



min(m .1 ) inin(m .1 ) 

E E 



J^O u^O 2(l + /?)2(l + |f + i(al+a2)-fTOl+TO2+/l+/2-ul-u2) 



(TOl-Km2+?l+?2_2yl_2u2)|^^l|;l|^2!;2! mi+™2+i^+i"-2ui-2u^ 



(TOl-ul)!(;l-Ml)!Ml!(TO2-7i2)!(/2_^t2)!y2! V l + r? 
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r(l+§| + i(ai+a2)+mi+m2+/i+P-Mi"u2-) 



X 2F1 



{a^+u^)\{a^+u^)\ Y (a2+u2)!(a2+y2)! 
2+^ + i(ai+a2)+mi+TO2+/i+/2_ui_u2 



(1+12)2 



(A.25) 



We assume 5(0:1 + Q!2) > '^^'^(^tj: 0- The term in braces { } in ( A.25| ) behaves 
hke 



{...}- (i(aiW))'" („i)|(™H;^-2«^)(^2)i(™^+;^-2«^) 



X 1 + 



(2wi+2ii2-mi-m2-;2_/2)(^i_^„j2^;i^;2^p|e_^^) 



+ 0((aiW)-2)) 



(ai + q;2) 



X (^1 + 
X fl + 



(to1-m1)(to1+m1+1) (/1-m1)(;i+u1+1) 
4(21 4q,i 

(m2-w2)(TO2_^^2_^^) (;2_y2)(;2^.^2_^^) 



4a2 



4ai 



o((, 



,2\-2^ 



(A.26) 



We look for the maximum of the propagator under the condition C < max(a\a2) < 
2C. Defining = + r — 2u* and 5 = 5^+ s^, the dominating term in (A.26) is 



(ai)^(a2)^ 



max 



(i(ai+a2))' 



< 



C<max(Qi,Q2)<2C 



(A.27) 



The maximum is attained at [0^,0^) = (pq:^,C) for < and at (ai,Q;2) = 
(C, ^j^^^i ) for > §2. Thus, the leading contribution to the propagator will come 
from the summation index = min(m*, /*). 

Next we evaluate the leading contribution of the hypergeometric function: 



l+mi+m2+;i+/2-2Mi-2u2 , l^-i(^a'+a^)-u^-u^ 



fc(2ui+2M2-^+l-fc) 



4f2 
l-l_rv,2 



^ {m^+m'^+l^+P-2u^-2u^)\ k\ \ 

fc(3+2TOi+2TO2+2/i+2/2_2ui-2M2+^+fc) 
- — ^ — + ©( ai+a2)-2 



fc=0 



V2(i+r22)y 

0((a 



(ai+a2) il+ 477+§+('^+2)xTWy 



1 ' a2^-2^ 



(A.28) 
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Assuming < s^, we obtain from (A. 23), (A. 27) and ( A.2S| ) the following leading 
contribution to the propagator (A. 25) 



.jI+qI ll 

_ 6l(max(m\ max(m2,Z2))- - ^, „i , „2 



(l + /?)2Cl+^ 



VT+J7/ V2(1+J72)J 



: — — Z'- 1 

(A.29) 



The numerator comes from ^ < m ^ for m > L The estimation ( A.29| ) is the 

explanation of ( |3.24 ). 

Let us now look at propagators with m* = P and m' ^ C < niax(Q!^, a^) < 2C: 



m2 ,„2 + a2 5^2 + 02 in2 



2(l+r2)2(l+^ + i(ai+a2)+mi+m2 



1^2(1+^22) ^ 2(ai+a2) 



' l-f2 
. l + f22 , 



.2 X 2 



2(l+/2)2(l+^+i(ai+a2)W+m2 + l) ^1+^'^ 1+^' (aiW)^ 
+ 0{{a^+aY^). (A.30) 



This means 



"^2 'T^2 + "2 '"^2+^2 ^2 
= —(7711+7712) 



- A 



ml+Qi ml+Qi 
™2+„2'm2 + a2 



8(l+l22)(i+^+i(ai+a2+^i+^2))^ 



+ 



1— !72\2 m^{a^+m^) + ■m'^{a^+m'^) 



Vl + I?2y 



+ 



2(1+122) (i+^+i(Q,i+a2+mi+m2)) Vl+I?2, 

1 (777^+77l2)2 



(ai+a2+TOi+?7i2)2 



m2+Q2 ' m2 + c«2 +° 2 ' ""2 + = 2 



+ 7n2( Z\0 mi+ci .mi+^i — Z\o ^i+ai .mi+Ql ) 
\ 1 r7i2 + a2 ' '"2+°2 1 + Q2 ' "2 2 " / 

1 (777l+77l2)2 



o 



(A.31) 



The second and third line of ( A.31 ) explains the estimation ( 3.28 ) . Clearly, the next 



term in the expansion is of the order , which explains the estimation 

(|3^). 
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For mi — li + I and TO2 — I2 we have 



A 

'2 ^2 + "2 ' ^2 + "2 '2 



2(l+/2)2(M+i(ai+a2)+?i+/2+2) 

- — TT^- 1 5 1 + 0[{ai+a2) 



(A.32) 



This yields 



A 

!2 i2 + c»2 'i2 + c»2'2 !2+a2 ''2+02 



which explains the estimation ( |3.30 ). Similarly, we have 



(A.33) 



Al ! + . =1 - Al ! + . =1 1 / 1 , 2 , ^\^ 

11 + C.2' 1 + 02 1 1 + C.2 ' 1 + Q2 \ (a-^+Qf^ + l 



O 



(A.34) 



which shows that the norm of (B.7) is of the same order as (3.30) 



A. 4-. An identity for hypergeometric functions. For terminating hypergeometric se- 
ries (m, ^ g N) we compute the sum in the last line of (A. 15): 



^ {a+x)\ ^ f-m,~: 
^^!^" l+a 



x=0 



b]2Fi 



—I, —X 
l+a 



oo min(x,m) min(x,^) , > , 



7 ' T'rv' 



l\x\a\ 



x=0 r=0 s=0 
m I oo 

= ^ {a+x)\x\a\m\l\a 

r=0 s=0 a;=max(r,s) 



x\a\ (m— r)!(a;— r)!(Q:+r)!r! (to— s)!(x— s)!(q:+s)!s! 

yr+s 



(to— r)!(x— r)!(a+r)!r!(/— s)!(.T— s)!(a+s)!s! 



X ^ X ^ a\m\l\ 
^-^ ^-^ (to— r)!(a+r)!r!(TO— s)!(a+s)!s! 

r— s— 



max(r,s) 



(a+y+ max(r, s))!(?;+ max(r, s))! 



m / 



(?/+|r-s|)!y! 
oItoIZ! 



^max(r,s) 



(q;+ max(r, s))!(max(r, s))! /a+ max(r, s)+l , max(r, s)+l 
(|r-s|)! ' n |r-s|+l 



T71 ^ 



a\m\l\ 



^max(r,s) yr-\-s 



f^oT^o {'rn-r)l{a+r)lrl(l-s)l{a+s)lsl (1 - a)"+'^+«+i 



(q;+ max(r, s))!(max(r, s))! ^ — min(a+r', a+s) , — min(r, s) 

|r-s|+l 



X ,;. — ^ — —2Fi(^ 



i\r-s\) 



Renormalisation of (ji^-theory on noncommutative in the matrix base 



51 



^ ^ (m-r)\(a+r)\r\(l-s)\(a+s)ls\ (1 - a)"+''+''+i 

r— s— / \ / 

•s—-^ («+ max(r, s))!(max(r, s))!(q;+ niin(r, s))!(min(r, s))! 
•^—'^ (|r— s|+u')!(niin(r, s)— u')!(a+ min(r, s)— 

" ' a!m!;! 5.+. 



^ X! X! (m~ry.(r-uy.(l-sy.(s~uy.(a+uy.u\ (1 - a)"+''+«+i 

a\m\l\ / a5 \2«/ ah \ \ 

y.{l-uy.{a+uy.u\\l-a) \^^l-a) a«(l-a)"+i 

(1-0)™+'+"+! ' 'V a+1 {1-a+aby 



a+1 (1-a+ab)^) ' ^^'^^^ 



In the step denoted by —* we have used |2^, §9.131.1]. AU other transformations 
should be self-explaining. 



B. On composite propagators 

B.l. Identities for differences of ribbon graphs. We continue here the discussion 



of Section 3.3 on composite propagators generated by differences of interaction 
coefficients. 



After having derived ( 3.19 ), we now have a look at ( 3.11 ). Since 7 is one-particle 
irreducible, we get for a certain permutation it ensuring the history of integrations 
the following linear combination: 



^'^^Z^l „i ™i m - v/(mi+l)(ni+l)yl'AA(^,)l, „ [A'] 
rp-1 

a g—1 

i—p-\-l j — 1 

b 



■z— 1 i—p-\-l 
q b 
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,p-l 

- 1=1 



(^^J n 



2 fcTT,- 



l=p+l 



■i— 1 z— p+1 

j=i i=>3+i 

(B.la) 



9-1 



iix<,;(i,,+l+)' 



(B.lb) 



with 1+ := i",. We further analyse the the first three lines of (B.la): 



p-i 

i=l 



p-i 



i=p+l 



p-i 

1=1 



i(fc.p+i+) 
p-i 

4=1 



i=p+l 



i=p+l 



i=l 



"2 fcTT,- ifcirj "2 



(B.2a) 
(yl^J (B.2b) 



i=p+l 



p-1 



n 



i=p+l 



(B.2c) 



According to ( 3.19), the two lines ( B.2a ) an d (B.2c ) yield graphs having one com- 
posite propagator ( 3.17a ), whereas the line (B. 2b) yields a graph having one com- 
posite propa gator^ '^ 3.17c ). In total, we get from (BJ) a 4- 6 graphs with composite 
propagator (3.17a) or(3.17c). The treatment of (3.12) is similar. 



13 Note that the estimation ( |3.24| ) yields v^n^lQ J + o (^^p )l < fi£i^(^k#)' 

Therefo re, th e prefactor i/nT+T in (|b^2c| ) combines actually to the ratio ( "g^^ ) ^ which is required 
for the (3.32)-term in Proposition 
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Second, we treat that contribution to (3.10) which consists of graphs with con- 
stant index along the trajectories: 



(7/1 ' \ UJl ' 



l(V)7 



d 



'■ (^'^ At^o^T. [A'] - A'^AiV'o [A']) - (a'j^a'^:':>\ o [.1'] 

V oA' 1 ■ 1 oA' ' / V a A' o o > o o 



-A' 



i=l 



2 = 1 



i=i 



'£rjA^:rJl [A^]) - n^(A'irjA^^.^ o ^ - A'^A^I^l „ [^']) 

a A' ' / V Oyi 1-10 OA' o o - o o / 

i=l j=l 

i=i J=i 

a a 

' ( n Q (^-^ ) - n Q ;] fc.. « (^-^ )) 

a a 

+ fc.. ? (^-^ ) - n Q ° (^-^ )) ) n Q ° (^'^^ ) 

4=1 4=1 / - - J ^ 

1=1 " ' ' " i=l 

b b 

j=i " ^ ^ " j=i 

n Q ^. -M.. I )(( n Q ™^ ) - n Q 

4 = 1 ^ J = l ^ ^ ™ 

b b 

j=i J=i 

b b 

j=i i=i 

a a 

a a 

' ( n fc,. I (^-. ) - n Q ° fc,. » (^-- ) 

a a \ ^ 

fc,. ; (^-^ ) " n Q ° fe,. » (^-^ )) ) n 0° 



(B.3a) 



(B.3b) 



4 = 1 



3 = 1 



(B.3c) 
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It is clear from (3.19) that the part corresponding to (B.3a) can be written as 
a sum of graphs containing (at different trajectories) two composite propagators 



^1 (yl^J and Q^°l of type ( |3.17a| ). We further analyse ( |B.3b| ): 



o u u 

b b 

J. A 1 '^j ' 1 '^j ' 



.1 iA.,)Y[Q 



J=2 



2 ^TTl ',l-7Vl ^2 



''fj ''''j 



(B.4a) 



J=2 



TO 



TO 



6 

Q t-jyj^ ,i7ri V ■ J- J- ■ 

J=2 j=2 
b b 

Q^o] , o(^.j(nQ?/,.;/,.;(^-.)-n^?S'..;'. S(^-^) 

J=2 J=2 
, b b 

li.. -M s n ( n z,^. (^-. ) - 11 « s S 

^ J=2 J=2 

J=2 j=2 
h & 



(B.4b) 



J=2 



J=2 



(B.4c) 



The part (p. 4a ) gives rise to graphs with one propagat or (3^17b ). Due to ( 3.19| ) 
the part (B.4b) yields graphs wit h two propagators^'* ( [3.17a ) appearing on the 
same trajectory. Finally, the part (B.4c) has the same structure as the Ihs of the 
equation, now starting with j = 2. After iteration we obtain further graphs of the 
type ( |R4a| ) and ( |R4b| ). 

Finally, we look at that contribution to ( 3.10 ) which consists of graphs where 
one index component jumps forward and backward in the n^-component. We can 
directly use the decomposition derived in (|B.3|) regarding, if the n^-index jumps up. 



2 fe,r,- \ k„ 



p-1 q-1 

l=q+l 



X (5„i+i 



(fc,, + l + );fe,, 



(B.5) 



1* Note that the product m}Q''°^ ^ i^-ni) is according to ( |3.2S| ) bounded by j^x^ijj^) 



C I 



'"1 -^1 
-,1 «„2 



This means that the prefactors m , m in (B.4b) combine actually to the ratio which is 

required for the {3.32)-term in Proposition EIJ2I 
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This requires to process ( |B.3| ) slightly differently. The two parts (B.3a) and (B.3b) 
need n o further discussion, as they lea d to g raphs having a composite propagator 
(3.17a) on the m-trajectory. We write (B.3c) as follows: 



a a 



(B.6a) 
(B.6b) 

(B.6c) 



The part ( B.6c) lea ds according to ( [3.19| ) and ( |B.5| ) to graphs either with composite 
propagators (3.17a) or with propagators 



Q 1 ii + i . ;i Q 1 ii + i . (1 

l2 m2 



(B.7) 



1 1^ ' 1 



Inserting ( |B.5| ) into ( B.6a ) we have 

a a 



PA) 



i=l 
9-1 

i=p+l 



,2 kT,.\k^. „2 {«ir<j+l + );fc,r, „ 



(+1) 



(B.8a) 

9-1 

" i=p+l 



J9-1 



(B.8b) 



i=9+l 



1 

9-1 9-1 

z— p+1 z— p+1 

9-1 



9-1 

n 

j=p+i 



i=p+l 



^(fc,,+i+);fc,, :;2 



(^^j n 



(B.8c) 



i=9+l 
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p-1 



9-1 

'i=p+i 



n Q 



"2 ^TT,- ;'i;7i 



(B.8d) 



(n^ + l) n « J (^-p) 

1=1 
9-1 

a 



i=p+l 



n Q 



(B.8e) 



i=q+l 



Thus, we obtain (r ecall a lso (3.19)) a linear combination of grap hs either with com- 
posite propagator ( ^.17a ) or with composite propagator (3.17c). In power-counting 
estimations, the prefactors v^nH-T c ombin e according to fo otnote to the required 
ratio with the scale 6A^. The part (B.61:) is nothing but (B.6a) with n} = \ and 
= 0. 

If the index jumps down from to — 1, then the gr aph w ith v} = does 
not exist. There is no change of the discussion of ( B.3a ) and (|B.3h| ), but now ( B.3c ) 
becomes 



(yl,J-nl[|gj 



i=l 



i=l 



(B.9) 



Using the same steps as in ( |B.8[ ) we obtain the desired representation throu gh gra phs 
either with composite propagator ( ^.17a ) or with composite propagator (3.17c). 
We show in Appendix p3.2| how the decomposition works in a concrete example. 



B.2. Example o f a d ifference opera tion for ribbon graphs. To make the considera- 
tions in Section 3.3 and Appendix B.l about differences of graphs and composite 
propagators understandable, we look at the following example of a planar two-leg 
graph: 




(B.IO) 



According to Proposition ^ it depends on the indices mi, rti, TO2, ^2, k whether this 
graph is irrelevant, marginal, or relevant. It depends on the history of contraction 
of subgraphs whether there are marginal subgraphs or not. 

Let us consider mi = fc = , no = ™2 , — ^ and mo — "2 and the 

-L ^ ^2 5 Z ^2 ; 1 ^^2 Z ^ ^2 

history a-c-d-e-b of contraction. Then, all resulting subgraphs are irrelevant and 
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the total graph is marginal, which leads us to consider the following difference of 
graphs: 



// - v/(mi+l)(ni + f) 





.iH V m2 



(B.ll) 



It is important to understand that according to ( 3.11 ) the indices at the external 
lines of the reference graph (with zero-indices) are adjusted to the external indices 
of the original (leftmost) graph: 





(B.12) 

Thus, all graphs with composite propagators have the same index structure at the 
external legs. When further contracting these graphs, the contracting propagator 
matches the external indices of the original graph. The argumentation in the proof of 
Proposition 1^.^ shou ld be transparent now. In particular, it becomes understandable 
why the difference (B.ll) is irrelevant and can be integrated from Aq down to A. 
On the other hand, the reference graph to be integrated from An up to A becomes 



v/(mi+l)(ni+l) 




(B.13) 



We cannot use the same procedure for the history a-b-c-d-e of contractions in 
( B.10| ), because we end up with a marginal subgraph after the a-b contractions. 
According to Definition |^.|l we have to decompose the a-b subgraph into an irrelevant 
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(according to Proposition Ep) difference and a marginal reference grapli: 





(B.14) 



The two graphs in braces { } are irrelevant and integrated from Aq down to Ac- 
The remaining piece can be written as the original (p'^-veitex times a graph with 
vanishing external indices, which is integr ated fr om Aj i up t o Ac and can be bounded 
by Cln^. Inserting the decomposition (B.14) into (B.IO) we obtain the following 
decomposition valid for the history a-b-c-d-e: 




(B.15a) 



(B.15b) 



(B.15c) 
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The line (B.15a) cor respo nds to the first graph in the braces { } of ( B.14| ) for both 
graphs on the Ihs of (B.15). These graphs are already irrelevant^^ so that no further 
decomposition is nec essary. The seco nd grap h in the braces { } of ( B.14|), in serted 
into the Ihs of (BT5| ), yields the line ( B.15b ). Finally, the last part of ( |B.14 ) leads 
to the line (B.15c). 

Let us also look at the relevant contribution mi = k — n2 — ™2 , 't-i = 1TI2 = ^2 
of the graph ( B.10| ). The history a-c-d-e-b contains irrelevant subgraphs only: 




A V 

(B.16c) 

In the right graph (B.15a) the composite propagator is according to (3.2J) bounded by 
nOA'^ so that the combination with the prefactor ^y (m^ +l)(n^ +1) leads to the ratio 



V ( "fl/i^^ "fl/l^^ ) which (B.15a) is suppressed over the first graph on the Ihs of ( B.15| ) 
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The lin e (I 



(B.16c) to 



corresponds to (B.4a), the hne (B.16b) to (B.3a) and the hne 



If the history of contractions contains relevant or marginal subgraphs, we first 
have to decompose the subgraphs into the reference function with vanishing external 
indices and an irrelevant remainder. For instance, the decomposition relative to the 
history a-b-c-d-e would be 




(B.17) 



C. Asymptotic behaviour of the propagator 

For the power-counting theorem we need asymptotic formulae about the scaling 
behaviour of the cut-off propagator ^nm-ik ^^'^ certain index summations. We shall 
restrict ourselves to the case 9i = 62 = and deduce these formulae from the 
numerical evaluation of the propagator for a representative class of parameters and 
special choices of the parameters where we can compute the propagator exactly. 
These formulae involve the cut-off propagator 

rzi„i„i,.i,i for C <max(m^,m'^,n^,n'^,k^,P,l^,P) <2C , 
„2 „2 ; fc2 ,2 otherwise , 

(C.l) 

which is the restriction of Z\„i „i ji to the support of the cut-off propagator 

m2 „2 ; fc2 ,2 

A-S^A^i ^1 ji (A) appearing in the Polchinski equation, with C = QA?. 

™2 ^2 ; fc2 ,2 
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Formula 1: 



max 

.n^ 



.1 ,ii fei ii 

.2 „2 : fc2 ,2 



i(16C+12) + ,^5j^C 



(C.2) 



We demonstrate in Figure ^ for selected values of the parameters ]7,C that 
6'/(maxZ\fj^jj.j,;) at = is asymptotically reproduced by ^ i(16C+12) + 



6fl 

T+27F+27F 




Fig. 2. Comparison of maxZi^„.^;/6» at /xo = (dots) with (yi(16C+12) + Y:p2j^2p27F"'^) ^ 
(solid line). The left plot shows the inverses of both the propagator and its approximation over 
C for various values of 17. The right plot shows the propagator and its approximation over Q for 
various values of C. 



Formula 2: 



max 



E 

(1 j2eN 



max 



m2 „2 1^2 ,2 



_ 6* (1+2^23) 
Mo=o 7r22(C + 1) 



(C.3) 



We demonstrate in Figure ||that 6'/ ( max„i max„^fc l^mn-fei I) Mo = asymp- 
totically given by 7n'^{C + l)/(l+2n^). 



Formula 3 

E 



\\m-l\\i > 5 



max 



„! fci (1 

m2 „2 ; fc2 ,2 



< 



'(1-/2)4(15 



i72(C + l)3 

We verify (C.4) for several choices of the parameters in Figures ^, ^ and ^. 



(C.4) 
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Fig. 3. Comparison of 9/( maxm J2i m£ix„_j. 

I^mn;/=il) at MO = (dots) with 70'^ (C + l) / (1+2^^) 
(solid line) . The left plot shows the inverse propagator and its approximation over C for three values 
of i7, whereas the right plot shows the inverse propagator and its approximation over Q for three 
values of C. 
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